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ABSTRACT
In the deformation of layered materials such as geological strata, or stacks of paper,
mechanical properties compete with the geometry of layering. Smooth, rounded corners
lead to voids between layers, while close packing leads to geometrically induced curva-
ture singularities. When creation of voids is penalized by external pressure, the system
trades off these competing effects, leading to various accommodating formations.
Three two dimensional energy based nonlinear models are presented to describe the
formation of voids at areas of intense geological folding. For each model the layers are
assumed to be flexible elastic beams under hard unilateral contact constraint; which
are solved as quasi-static obstacle problems with a free boundary. In each case an
application of Kuhn-Tucker theory leads to representation as a nonlinear fourth order
differential equation.
Firstly a single layered model for voiding is presented. An elastic layer is forced into
a V-shaped singularity by a uniform overburden pressure, where the fourth order free
boundary problem is shown to have a unique, convex, symmetric solution. Drawing
parallels with the Kuhn-Tucker theory, virtual work and ideas of duality, the physical
significance of this differential equation is emphasised. Finally, appropriate scaling of
either the potential energy or the differential equation shows the solutions scale to a
single parametric group, for which the size of the void scales inversely with the ratio of
overburden pressure to bending stiffness of the layer.
Common to structural geology, one or several especially thick layers can dominate
the deformation process. As a result, the remaining weak layers must accommodate
into the geometry imposed by these competent layers. The second model, extends the
first by introducing a plastic hinge to replicate the geometry imposed by the competent
layer, and also axial springs to resist the slip over the limbs. The equilibrium equations
for the system are investigated using the mathematical techniques developed for the
first model. Under rigid loading the system may snap from an initially flat state to
a convex voiding solution, as seen in the first model. However, if resistance to slip is
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high, the slightest imperfection causes the system to jump to a convoluted up-buckled
solution, following a de-stiffened path to a point of self contact. These solutions have
similarities with the delamination of carbon fibre composites.
Finally, we extend the two single layered models to a simple multilayered model,
which describes the periodic formation of voids in a chevron fold. The model shows that
in the limit of high overburden pressures solutions form voids every layer, producing
straight limbs punctured by sharp corners. This analysis shows good agreement when
compared with recent experiments.
This work provides the basis for future work on the buckling of thin multilayer
assemblies in which voids may develop, and emphasizes the importance of the intricate
nonlinear constraints of layers fitting together in multilayered folds.
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NOMENCLATURE
Coordinates, dimensions and angles
x Horizontal coordinate
s Arc length parameter of neutral axis of layer
w or u The vertical deflection of the neutral axis
wt The vertical deflection of the top boundary of the layer
wb The vertical deflection of the bottom boundary of the layer
v The void function
h Layer thickness
L Length of layer
ξ Horizontal set over which layer is defined
` Horizontal size of voids
ς Arc length of void
Γ The contact set
Γc The non-contact set
R Radius of curvature of the neutral axis.
κ Curvature of the neutral axis
ψ Angle the neutral axis makes with the horizontal
θ Angle of the limbs
k = tan θ Gradient of the limbs
Q Compression in axial spring
Subscript i refers to the coordinate, dimensions or angles for the ith layer of a
multilayered stack.
Material Properties
E Young’s modulus of the layer
18
I Second moment of area of individual layer
q Overburden pressure
k1 Elastic stiffness of in-linear spring
k2 Elastic stiffness of axial spring
γ Resistance to shear
η Viscosity
Energy
V Total potential energy functional
W Total strain energy stored in beam
UV Work done against overburden pressure in voiding
Δ End-shortening
ΔM Maxwell displacement
J End-shortening constraint
L Lagrangian
H Hamiltonian
Loads, amplitudes and wavelengths
q Overburden pressure per unit length
μ Vertical contact load per unit length
λ axial load in beam
P External lateral load
PC Critical buckling load
PM Maxwell load
ζ Wavelength
Miscellaneous
f(x) = k|x| The V-shaped boundary
N Number of layers in multilayered stack
m Number of layers in periodic void sequence
² Small perturbation or imperfection
ϕ and φ Test functions
γ and β Scaling parameters
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H Heaviside function
CHAPTER 1
INTRODUCTION
There is a particular appeal to the geometric patterns seen in geological strata, Fig. 1-1.
Although many models have been proposed, there is still a lack of coherent theory to
explain the complexities of strata formation. This thesis investigates the importance
of multilayered geometry in understanding these various forms.
The deformation of a layered material is not that of a uniform continuum; the
layering provides multiple surfaces over which layers may slip. Consequently, such
systems have very different bulk properties from those of an isotropic block of the same
material. This can be practically demonstrated by the difference seen in buckling and
bending of an eraser and a pack of cards, Fig. 1-2.
Figure 1-1: On the left a single layered fold train in Vale Figueiras, south west Portugal [86].
On the right chevron folds developed in thinly bedded shales and sandstones at Millook Haven,
Cornwall, UK, (Photograph by G. W. Hunt).
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Figure 1-2: Diagrams demonstrate the bending of an eraser (left) and a pack of cards (right).
In geology, multilayered systems may form by a sequence of sedimentary deposits.
Over time the weight of subsequent overlying layers holds them together, whilst tectonic
plate movements produce in-plane compression which causes the layers to fold.
Previous work on geological folding has mainly focused on the rheological make up
of the individual layers. In this thesis several simple energy based models are presented.
These highlight the importance of natural geometric constraints in multilayered folding.
Geometry is the key factor in determining which type of fold is formed. This can be
demonstrated by comparing examples of single layer and multilayered folds shown in
Fig. 1-1. Both elastic and viscous behaviour have a preference for smooth deformations
that are distributed over the length of the sample, which is observed in a single layered
fold. Unrestricted by adjacent layers, the single layered fold buckles to an approxi-
mately sinusoidal profile. In contrast the multilayered fold (Fig. 1-1 right) shows areas
of folding which are highly localised. Here long layers are forced to fit into the same
geometry, which produces straight limbs punctured by very sharp corners.
Understanding the processes of geological folding is of vital importance to the min-
ing and petroleum industries. This is because of the relationship between highly lo-
calised folding and the concentration of valuable mineral and hydrocarbon deposits.
Apart from geology there are other examples from both nature and the world of
manufacturing where the geometry of multilayered structures are of prime importance.
Carbon-fibre composites are of particular interest to the aerospace industry. Much ben-
efit can be gained from the cross-fertilisation between these seemingly disparate areas
of research because many of the fundamental problems are related to the behaviour of
layered structures [47].
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1.0.1 The motivation for this thesis
The folding of rock is considered to occur in an environment of high overburden pres-
sure [37]; therefore the detachment of layers or formation of voids has a severe energy
penalty. Previous models have considered folding as a process in the absence of voids.
However these tend to break down at naturally occurring singular geometries, where
bending energy becomes infinite. In this thesis this constraint is relaxed, and layers are
allowed to separate, but not interpenetrate. Playing off work done against overburden
pressure, with the other contributing potential energies, three models are presented to
describe the formation of voids and accommodation structures at tight multilayered
geometries.
1.0.2 Outline of this thesis and principal results
Literature Review
Chapter 2 gives a historical overview of the general literature on geological folding,
starting with some initial geological observations and introducing the pioneering work
by Biot on the buckling of a linear strut on a foundation. However, the review focuses
on a series of energy-based models for the nonlinear buckling of single and multilayered
structures. These energy-based models have not only motivated the work presented in
this thesis, but emphasise the significance of multilayered geometry.
Self-similar voiding solutions of a single layered model for folding rocks
In chapter 3 a simple mechanical model is presented to characterize the size of voids
at singular geometries, where a single elastic layer is forced into a V-shaped obstacle
by a uniform overburden pressure. This problem is formulated as a constrained energy
minimization problem, minimizing the functional
V (w) =
1
2
B
∫ ∞
−∞
w2xx
(1 + w2x)5/2
dx + q
∫ ∞
−∞
(w − f) dx, where w ≥ f. (1.1)
Here B is the bending stiffness of the beam, q the overburden pressure, w the vertical
displacement and the obstacle is represented by the constraint w ≥ f = k|x|. By using
a variational approach, the chapter proves a number of key results
Theorem 1.1 (Self- similar voiding solutions). There exists a constrained global min-
imizer of (1.1), which is unique, symmetric and convex. The non-contact set {x :
w(x) > f(x)} is an interval, and its width ` scales as (q/B)−1/3.
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Subsequently we derive stationary equations, characterise the contact forces, and
provide a vital mechanical interpretation of the results.
This chapter has a strong mathematical slant, and provides some of the rigour which
underlies subsequent chapters. The mathematical emphasis of this work, is partly be-
cause it represents work submitted to SIAM journal of applied mathematics, but mainly
because it describes interdisciplinary work in collaboration with mathematicians. Some
of this mathematics has been omitted in the main text to improve readability for a more
general audience. However it has been rearranged in the appendix for the interested
reader. This work represents collaborative research; however some proofs are particu-
larly dependent on functional analysis in which Prof. Mark Peletier provided important
guidance.
The work presented in this chapter will appear in SIAM Journal of Applied Math-
ematics (SIAP).
T. J. Dodwell, M. A. Peletier, C. J. Budd, and G. W. Hunt, Self-similar
voiding solutions of a single layered model of folding rocks, accepted by SIAP (December
2011).
Accommodation structures
While observing an exposed escarpment of sedimentary bedding at Bude, it became
apparent that the thickness of the layers was not uniform; in some cases layers are
twenty times thicker than others, and therefore these especially thick layers have a much
higher bending stiffness. The buckling behaviour of such layers strongly influences the
overall deformation of the full multilayered structure, whereas the less competent layers
are forced to accommodate into the geometry imposed.
In this chapter we adapt the previous model to contain a plastic knee joint hinge,
which plays the role of the competent layer, and two axial springs, which resist slip
between the less competent layer and the hinge. This shows that if the weaker or less
competent layer is forced into a singular geometry then it is accommodated by forming
a void. If resistance to slip over the limbs is minimal, the system snaps at high loads
from an initially flat state to a convex voiding solution. However if resistance to slip
is high, a sympathetic imperfection may cause the system to jump to a higher order
up-buckled solution. Therefore such higher order structures are observed in nature,
where inter-layer friction is high and imperfections due to geometric misalignment and
heterogeneity is common.
The work presented in this chapter has been submitted to Philosophical Magazine
for a special issue on the instabilities across the scales
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will not apply. In this case other factors will also influence the behaviour, such as the
length of the limbs, which determines the total force necessary for interlayer slip.
An even more interesting direction consists in replacing the rigid, fixed, obstacle
by a stack of other layers, i.e. by combining the multi-layer setup of [1] with the
elasticity properties of this paper. A first experiment in that direction could be
a stack of identically deformed elastic layers. An elementary geometric argument
suggests that reduction of total void space could force such a stack in to a similar
straight-limb, sharp-corner configuration, as illustrated in Fig. 7.1. This suggests that
this phenomenon should also be visible in a stack of compressed layers, and we plan
to consider this problem in future work.
Fig. 7.1. S h ar p - an g le, s tr ai g h t- li m b f o ld s g i v e r i s e to f ew er v o i d s th an r o u n d ed f o ld s ( af ter [ 8 ] ) .
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Figure 1-3: Sharp-angle, straight-limb folds give rise to fewer voids than rounded folds (af-
ter [52]).
T. J. Dodwell, and G. W. Hunt, Convoluted accommodation structures in
folded rocks submitted to Phil. Mag, Instabilities across the scales special issue (Novem-
ber 2011).
Multilayered folding with voids: periodic voiding solutions
The simplest of multilayered structures with voids can be constructed by replacing the
rigid, fixed obstacle by a stack of other identical layers. This combines a multi-layered
setup with the elastic properties presented in chapters 3 and 4. Firstly a simple model
is created by stacking identical copies of the layer on top of each other. As in the other
chapters it is shown that layers produce straight limbed sharp corners if the confining
overburden pressure is high, Fig. 1-3. By observing chevron folds in nature and a series
of experiments on layers of paper, we note that in some cases, voids form between each
layer. However other profiles form voids in a periodic sequence over a larger number
of layers.
A simplified hinge region of a stack of elastic layers, with straight limbs connected
by convex segments, is constructed so that a void forms every m layers and repeats
periodically. The system does work in bending, against a confining overburden pressure
and by an axial load in end shortening. The resulting total potential energy functional
for the system is minimized subject to the constraint of non-interpenetration of layers,
which leads to representation as a nonlinear second-order free boundary problem. Nu-
merical solutions demonstrate that there exists a minimum-energy m-periodic solution
with m 6= 1. Good agreement is found when compared to experiments on layers of
paper.
The work presented in this chapter will appear in the Philosophical Transactions
of the Royal Society for a special issue on the geometry of layer structures [47], and is
25
also in preparation for the Journal of Structural Geology.
T. J. Dodwell, G. W. Hunt, M. A. Peletier, and C. J. Budd, Multilayered
folding with voids for Geometry and Mechanics of Layered Structures Special Issue
(Accepted August 2011)
and
T. J. Dodwell, and G. W. Hunt, Periodic voiding in the hinges of layered
structures preprint.
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CHAPTER 2
LITERATURE REVIEW
“We believe there is much to be learnt from folded rocks, and that an exciting
new period of observation is upon us. This means exploring the non-linear
aspects of folding and not restricting ourselves to linear, low amplitude the-
ories”. B. Hobbs, [40]
This chapter gives a historical overview of the general literature on geological fold-
ing. After some initial geological observations, we introduce the pioneering work by
Biot on the buckling of a linear strut on a foundation, and recent energy based models
for the nonlinear buckling of single and multilayered structures.
Much of the literature focuses on the rheology of rocks, but little has been written
on the geometry of folding. Therefore the energy based models presented in the latter
half of this review provide much of the focus, because they have not only motivated
the work presented in this thesis, but gently introduce the significance of multilayered
geometry.
At the end of this chapter, a few concluding remarks are offered to demonstrate
where the work presented in this thesis fits in with the body of relevant academic work,
as well as some personal observations on the research presented in this review.
2.1 Observations of folding, classification and scaled ex-
periments
In the intellectual atmosphere that followed Hutton’s Theory of the Earth [56], the
romanticized ambition developed amongst a small group of Scottish academics, to
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construct a unified understanding of the processes that govern the Earth’s behaviour.
This theory, while based upon empirical observations, would express the fundamental
principles of the Earth as a science.
Sir James Hall was the first person to use the words ‘folding’ to describe the de-
formation of rocks. He made the following observations on an outcrop of rocks at
Berwickshire,
‘As to the cause of folding, the peculiar conformation might be accounted
for by supposing that these strata, originally lying flat, ..... had been urged
when in a soft, but tough and ductile state, by a powerful force acting
horizontally....[and] at the same time that the whole was held down by a
superincumbent weight’ (after [33])
He tested his hypothesis that the folding of horizontal strata was the result of in-
plane compression, by constructing a series of scaled experiments, where he compressed
layers of cloth connected between horizontal boards, Fig. 2-1.
Figure 2-1: Machine for scale model of folding by later compression, presented by Hall to the
Royal Society of Edinburgh 1812 (from [81]).
The folds generated as a result of longitudinal shortening were similar to those
observed on the Berwickshire coast, Fig. 2-2.
Figure 2-2: Model folds resulting from Halls Experiments (from [81]).
These initial scale experiments started experimental tectonics. From these small
experiments, applying a suitable scaling of length, time and strength, analogues to
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Figure 2-3: (a) Parallel folds, and (b) Similar folds (after [98])
geological folding can be derived. Such experiments have been reproduced on several
occasions [41, 78, 106], and in particular for this thesis, where a series of experiments
on layers of paper are described.
Over the next 100 years there were many experiments and speculations based on
field observations of the underlying processes, as opposed to mathematical modelling.
Van Hise [98] provided the most notable observations by classifying two idealised forms
of folds observed in geological escarpments: firstly, parallel folding [25] where the normal
thickness of layers remains constant; secondly similar folding, where each layer deforms
identically without voids, and so material is redistributed away from the limbs towards
the hinges. Both forms of folding are shown in Fig. 2-3.
Forty years after work by Van Hise on the classification of natural folds, Kuenen &
de Sitter [66] presented experimental work on folding which highlighted some features
of buckling which interested geologists. Kuenen & de Sitter concluded that even in the
most simple cases of folding, mathematical models provided insufficient answers. They
proceeded to investigate the mechanisms of folding by a series of experiments buckling
a variety of materials. These experiments included layer parallel compression of slabs
of unlayered clay, layers of paraffin, paper sheets and rubber. By placing layer normal
markers on the samples, it was possible to determine states of strain within each of the
materials as they deformed [75]. It became apparent that the state of strain within a
buckled layer could not be deduced from its profile geometry, and Kuenen & de Sitter
described two idealised mechanisms of folding.
Flexural flow folds - This type of fold occurs in materials of high mechanical
anisotropy, i.e. materials which slip or shear with relative ease compared with their
resistance bending. A good example is the loading of layers in paper experiments; as
the paper buckles the layers slip relatively freely over each other. In this case maximal
slip occurs on the limbs but decreases to zero on the hinges.
Tangential longitudinal strain - This folding demonstrates a purely elastic deforma-
tion in homogeneous isotropic materials with low mechanical anisotropy. This contrasts
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Figure 2-4: Shows secondary features associated with tangential longitudinal strain. The figure
on the left shows tension gashes caused by the extension of outer arc and pressure solution
cleavages on the inside of the arc. The figure on the right, shows secondary buckling caused by
extra compression on the inside of the folds. (Both pictures after Ramsay [79])
with flexural flow folds, where maximum strain occurs over the hinge and zero strain
on the limbs. Various secondary structures are associated with this type of folding;
extension in the outer arc causes tension gashes, whereas compression on the inner arc
may give rise to locally developed pressure solution cleavages or higher order localized
buckles which are of particular interest, Chapter 4. These secondary structures are
demonstrated in Fig. 2-4.
2.2 Single layer theory
Single layer fold theory concerns the buckling of isolated layers subject to layer-parallel
compression, developed for the case of stiff or competent viscous or elastic layers in
a less stiff or incompetent matrix [2, 76, 77, 17, 28, 29]. Examples of various single
layered folds are shown in Fig. 2-5.
Figure 2-5: (Left) Quartz vein in schist, Cap de Creus, Spain, (Scale: coin 2cm). (Right)
Single-layered buckling in thin white pegmatic veins, subsequently modified by multilayer effects
of banding in gneisses of the Maggia nappe, Ticinom, Switzerland (Scale: coin 2cm) ( photos
after [42]).
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Smoluchowski [91, 90, 92], provided the first detailed mathematical model based
upon the buckling of an elastic layer lying on top of a heavy fluid and subject to
layer-parallel compression, which leads to the linear fourth order ordinary differential
equation,
EIwxxxx + Pwxx + ρgw = 0. (2.1)
Here EI is the elastic stiffness of the layer, P the axial load and ρ the density of the
supporting fluid. Akin to Euler’s buckling analysis [27], Smoluchowski found that a
sufficient critical load P c causes the layer to buckle into a sinusoidal profile, where the
wavelength depends on the elastic stiffness of the layer and the gravitational buoyancy
of the underlying fluid. Goldstein [30], Kienow [61] and Gunn [32], subsequently applied
this theory to geology. However, the most influential contributions were to come from
a Belgian-American mathematician.
2.2.1 Biot’s dominant wavelength
Maurice Biot was arguably the father of the single layer theory of rock folding in struc-
tural geology. Biot felt that classical mechanics was often masked by the emphasis on
a formal tensor characterization. His book, Mechanics of incremental deformation [3],
set out to introduce an intermediate theory based on a simple cartesian formulation.
This approach advanced the understanding of geological folding and gave the theory a
firm footing in mechanics. Much of his early work was presented in a seminal paper in
1961, [2], which introduced the concept of a dominant wavelength, defined as the wave-
length with the largest rate of amplification. This work has been so influential in the
field that even now Biot’s models form the basis of many folding formulations. These
models are frequently debated even today (see [87, 38, 39, 40] for one such debate).
Biot’s academic background was in the mechanics of fluids and this gave his work
a notable fluid slant. He argued extensively that from a geological viewpoint, purely
elastic theory is ‘somewhat of remote interest’, because the time scales over which
folds occur are huge, and stress relaxation is of particular importance. Biot argued
that rocks behaved like viscous or viscoelastic materials. He introduced concepts of
non-equilibrium thermodynamics [1] to study the deformation of a thin elastic plate,
surrounded by a weaker viscous matrix. Biot derived a linear fourth order differential
equation describing the force balance at a given spatial coordinate x,
EIwxxxx + Pwxx + F (w) = 0. (2.2)
where, F is the lateral restraining force per unit length. By assuming a sinusoidal
variation of both the deflection w = A sin ζx and transverse load F = F0 sin ζx, the
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Single layer buckling 
Buckled single layers are common in nature, for example, an isolated sandstone or limestone bed in a thick shale or marl sequence or a vein of igneous rock intruded into an unlayered matrix. The buckled layer maintains its thickness throughout, thus producing a parallel, concentric fold. Experimental buckle folds are usually symmetric.  
  
Multilayer buckling 
A multilayer is a package of different layers, which is the most common situation in geology: a sedimentary succession is often a more or less regular alternation between two or three rock types (e.g. sandstones and shales in turbidites). The alternating layers have variable thickness and competence. Theoretical and experimental studies have shown that the behaviour of a multilayer depends upon a number of factors, e.g. the number and thickness of competent layers, the spacing between the competent layers, the competence contrast among the layers and the competence of the medium confining the multilayer.   
  
Figure 2-6: Drawings after photographs presented in [22], from experiments on gum rubber
strips embedded with gelatin mold, demonstrate the relationship between wavelength and thick-
ness of layer.
differ ntial equation simplifi s to
−F = Pζ2w − EIζ4w.
Assuming the lateral force is made up of a sequence of independent, viscous dashpots,
F may be modelled as −η dwdt , where η is the viscosity of the surrounding matrix.
This leads to a the first order differential equation in time, with the general solution
w = Ceξt, where ξ = 1η (Pζ
2 − EIζ4), and C is a constant.
Biot’s idea was that the value η which gives the greatest value of ζ will grow fastest,
and therefore be the most likely wavelength observed in nature. Differentiating with
respect to ζ gives the corresponding maximal value of ζd given by,
ζd
h
= 2π
√
P
EI
, (2.3)
which defines Biot’s dominant wavelength. Independent work by Biot [1] and Ram-
berg [76], extended this analysis to both a single viscous layer, of viscosity η and width
h, surrounded by a viscous matrix characterized by η1; and a multilayered structure of
n identical layers. The associated dominant wavelengths are given by
ζd = 2πh 3
√
η
6η1
and ζd = 2πh 3
√
nη
6η1
,
respectively. Biot’s, and subsequently Ramberg’s analyses, provide a simple relation-
ship between the ratio of wavelength ζd and thickness h to the material contrast of
the layer and surrounding matrix. Experimentally these results show moderate agree-
ment [75], see for example the drawings by Currie [22] which are presented in Fig. 2-6.
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2.2.2 Limitations of Biot’s theory
Following Biot and Ramberg’s work there have been numerous field observations of
naturally occurring single layers. Such observations provide the reference data by
which such analytical models may be compared. Sherwin & Chapple [89] provided the
most notable field observations where the slenderness ratios (ζd/h) of some 800 natural
folds were calculated. The results show that this ratio for natural folds varies between
5−10, whereas Biot’s analysis gives slenderness ratios of 16 or greater. Additionally we
note that equation (2.3), admits a wavelength even for the case of no viscosity contrast
(μL/μM = 1) which is physically unrealisable. Sherwin & Chapple [89] modified the
Biot thin plate theory to take into account the effect of layer-parallel compression,
which accompanies low-amplitude fold growth. For this case, the adjusted dominant
wavelength, termed the preferred wavelength by Johnson and Fletcher [58], is a function
of layer-parallel shortening, given by
λp
h(T )
= 2π
(
μL
12μM
T − 1
T 2
)1/3
,
where T = (S1/S2)−1/2, and S1 and S2 are quadratic elongations perpendicularly
and parallel to the layer respectively (see [3, pp. 427] and [59]). Although the results
provided ratios closer to the target range, they still did not match the physical examples.
Others have extended Biot’s work by relaxing the thin-plate assumptions, which
consider purely normal stresses in the single layer, and the stresses associated with
folding comprising of deviatoric tension in the outer arcs and deviatoric compression in
the inner arc (i.e. layer-parallel shear is ignored). A thick plate analysis [58, pp.196-207]
by Johnson & Fletcher is said to provide more accurate predictions of the dominant
wavelength when compared to Sherwin & Chapple’s field observations [89]
However, these models are inadequate when describing the full complex behaviour
of single layer buckling. These single layer buckling theories describe only the first in-
crement of buckling. By considering merely infinitesimal strains, higher order nonlinear
terms may be neglected [3, 77], substantially simplifying the analysis. For larger folds,
many researchers account for the models’ discrepancies with observed folds by intro-
ducing nonlinear stress-strain relations [17]. They have subsequently extended a small
deflection Biot type approach to rock materials with various power laws [64, 85, 36]
concerning elastic, viscous and combined rheologies. Nevertheless, taking such small
deflection approximations into account, one can perhaps push the solutions using the
standard Biot theory to only slopes of 10o or so, past which it is unclear whether Biot’s
concepts of a fastest growing wavelength is physically relevant.
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At the time of Biot’s work, there were insufficient numerical methods and computa-
tional power to deal with nonlinear models and the resulting non-analytical solutions.
This theoretical simplicity has given a route into an extremely complex subject; al-
though the linear theory is unreliable past the initial instability, there is little doubt
this sort of approach has led to a much greater understanding of the development of
many geological features. However, now there are considerably fewer limitations the
nonlinear effects and the resulting non-analytical solutions and methods must be em-
braced. We now highlight the major shortcomings of Biot’s analysis, and point out
the contributions from the nonlinear community, which have substantially advanced
theories on single layer folding.
2.2.3 Sequential buckling
Field observations in the late 1970s provided important evidence that folds formed
sequentially rather than via amplification of a wave train [73, 74]. This is emphasised
in a quotation by Price,
“One may often observe in model experiments relating to the development
of fold series that the folds develop serially and in packets rather than simul-
taneously throughout the folded unit. If it is assumed that this model of fold
development is followed in nature, I cannot envisage how the many thou-
sands of folds in a fold belt could have developed simultaneously”(after [72]).
Biot’s analysis does not predict the existence of such sequential or localised folds.
The enormous growth in computational power encouraged an increased awareness of
nonlinear effects throughout the physical sciences [46, 96]; and was supported by a
series of experiments on paraffin wax [19]. A general consensus developed that folds
formed in a sequential manner, rather than as a wavetrain over the entire sample.
Examples of sequential folding in geology and experiments are given in Fig. 2-7 and
Fig. 2-8.
Sequential folding, generally viewed as an elastic process [72], can be initiated by
an imperfection; as the applied shortening increases, the initial folds lock up, while
new folds spawn at neighbouring locations. At a given time, folds can demonstrate a
periodic section flanked by decaying tails, [19, 51, 71]. This type of localized folding is
unattainable from a linearised analysis [46], and it became widely accepted that such
sequential folding was a higher order effect.
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Figure 2-7: (left) A localised fold in ductile material (photograph from [70], Plate 13) (right)
Folded quartz veins in slate. From Porthleven, Cornwall, England (Photograph courtesy of J.
Cosgrove).
Rigid loading
In structural mechanics it is common to distinguish between two forms of loading. In
dead loading the external force is the controlled parameter, whereas for rigid loading a
load is applied, but the controlled parameter is displacement. For elastic systems both
forms of loading share the same equilibrium equations. However the stability of such
solutions may differ. A physical example of this would be an individual standing on a
can; as soon as the buckle appears the system becomes unstable and the can crushes.
This is an example of dead loading. However, under rigid loading a variety of localised
buckles may be observed, demonstrating that this form of loading is generally more
stable [94, pp. 71].
Figure 2-8: Sequential buckling of experiments, in lubricate gelatine multilayer, as the result
of a piston moving from right to left, (photos courtesy of J. Cosgrove, after [75]).
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Biot’s theory assumes that a constant layer-parallel load acts on the layer, i.e. dead
loading, whereas in a geological context it would be more realistic to consider rigid
loading conditions, where end shortening was implied by the rate of tectonic plate
movement [74].
Localisation: a strut on a nonlinear foundation
The literature on localised folding has its roots in Koiter’s PhD thesis [65], and his sub-
sequent work with Hutchinson and Budiansky [55]. However Whiting and Hunt [107],
demonstrated the importance of nonlinear effects to geological folding by introducing a
nonlinear softening foundation to the buckling of a linear elastic beam, which had pre-
viously be applied to various other structural problem, cylinder buckling and cellular
buckling for example [51, 53, 54, 95, 97, 103, 108]. This, and subsequent work encapsu-
lates the processes of sequential folding under rigid loading. Applying the exciting new
theories of nonlinear dynamical systems [96] to a static problem by replacing a spatial
coordinate (either s or x) with time t, they demonstrated that the buckling of a linear
strut on a nonlinear foundation can lead to a class of localised homoclinic solutions.
This work provided a prototype for localisation. Various papers have extended this
work [107, 8, 71] by considering many nonlinear foundations with varying constitutive
laws.
Each model follows a variational framework, where a quasi-static strain energy, for
example
W (u) =
1
2
∫ ∞
−∞
(u′′)2
(1− (u′)2)3 ds +
∫ ∞
−∞
F (u) ds (2.4)
is minimized subject to the rigid loading constraint,∫ ∞
−∞
1−
√
1− (u′)2 ds = Δ, (2.5)
where u is the out of plane deformation. Equation (2.4) gives a non-dimensionalised
strain energy of an infinite linear elastic beam on a foundation. The first term is
the strain energy stored in bending, and the second term is the energy stored in the
foundation. A standard variational approach [93, pp. 28] shows that minimisers solve
the non-linear fourth order Euler-Lagrange equation
u′′′′
1− (u′)2 + 4
u′′′u′′u′
(1− (u′)2)2 +
(u′′)3(1 + 3(u′)2)
(1− (u′)2)3 + p
u′′
(1− (u′)2)3/2 + f(u) = 0, (2.6)
where F ′ = f , the Fre´chet derivative of F . The parameter p is a Lagrange multiplier,
which can be physically interpreted as the layer-parallel load required to enforce the
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required end shortening (2.5), [71]. Making a partial linearization by assuming u′ is
relatively small, yet retaining the nonlinearity of f(u), (2.6) becomes
u′′′′ + pu′′ + f(u) = 0, (2.7)
subject to a linearised shortening constraint 12
∫∞
−∞(u
′)2 ds = Δ.
Simplified rheologies
Differential equation (2.7) holds for the disconnected Winkler foundation, where re-
sistance to deflection is strictly local and vertical. For a half-space foundation, the
situation is more complex; resistance to shear is now vital and the effects of vertical
deflections are non local. We note that for sinusoidal deformations in a half space there
is no resistance to vertical displacement but purely to shear [49]. This introduces a
wavelength dependence to the bed [3], which typically leads to a Fourier type analy-
sis, as in section 2.2.1. Other researchers have introduced various foundations which
include a hybrid of such supporting media, for example the Pasternak foundation. For
a review of such foundations we point the interested reader to [60].
Using a combination of linear springs and dashpots it is possible to design elements
of a Winkler foundation, to produce various rheological models. A viscoelastic model
can be made with a spring and a dashpot in series. On application of a load F it shows
an initial linear elastic response, but over time it unloads into the dashpot and F drops
exponentially, Fig. 2-9 (a). Arrangements of linear springs can provide simple nonlinear
elastic responses. Figure 2-9 (b), shows a typical hardening response which can be
observed as voids close in porous media. Similarly Fig. 2-9 (c) shows a elastic softening
response, which provides an elastic analogue to many typical dissipative systems [18].
We now consider a typical de-stiffening/re-stiffening response, studied by Peletier [71],
f(u) = u− u3 + αu5, (2.8)
for suitably large α. Amongst other names, equation (2.7) is known as the stationary
Swift-Hohenberg equation, and has had much attention in the mathematical litera-
ture on pattern formation [14, 70]. It is recognized that (2.7) coupled with a de-
stiffening foundation (f(u) = u − u3, or Fig. 2-9 (c)), has a multitude of subcrit-
ical homoclinic solutions, bifurcating from the fundamental path at a critical load
p = 2 [15, 13]. Following a constrained gradient flow method first set out by Budd et
al. [8] to find minimisers of (2.7) coupled with (2.8), Fig. 2-10 shows a plot of the load
p as a function of Δ.
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Figure 2-9: Three Winkler elements for different rheological models and their load vs dis-
placement response (a) Maxwell fluid (graph displayed for constant strain rate wt) (b) elastic
hardening and (c) elastic softening.
Figure 2-10: Results of numerical minimisation using gradient flow method, graphs shows
load vs displacement, where inset plots show solution profiles at various points. The solid line
shows symmetric minimisers, whereas the dash line shows asymmetric minimisers. In this case
α = 0.3.
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Movement on the surface, as described earlier and expressed by the Lagrange equation (7), leads also
to modulated (b) and localized (c) solutions. Spatial energy is conserved during this movement, which
we note has negative definite kinetic energy in this first-order view; the analogy is then of movement
on an inverted V -surface, as shown in the lower right diagram.
3. The Maxwell Load
If the asymptotic view of Figure 9 is extended to solutions that first destabilize and then restabilize, the
form of Figure 10 appears. Periodic equilibrium states, marked by black circles, again sketch out the
form of an unstable-symmetric bifurcation (the dashed curve) which now restabilizes at a limit point
(where it changes to a solid line). Open circles indicate the localized or homoclinic solutions (long
and short dashes), where according to the criterion of Figure 9(c) the potential energy where A is a
maximum is the same as in the flat state. The load pM, where the energy levels in the unbuckled and
the periodic post-buckled states are the same, is classically known as the Maxwell load, and marks the
limit of the appearance of the localized solution; according to this asymptotic criterion, no localized
solutions can exist below pM.
The asymptotic approach might be regarded with suspicion this far into the post-buckling range, but
it can be made to work well. In the following brief description of a more complete treatment [16], a
physical interpretation of the buckling process along the described lines successfully guides the analysis
to accurate descriptions of both the load-deflection path, and the shape of the buckle pattern, at highly
advanced stages in the cellular buckling process.
3.1. ASYMPTOTICS TAILORED TO THE MAXWELL LOAD
In Equation (1) there are many choices of f (x) that can give the response of Figure 10. Here we detail
two, the cubic-quintic,
f a3x3 a5x5 where a3 0 a5 0 (8)
F igur e 1 0. Asymptotic view of a destabilizion/ restabilizion. (a) Loadp vs. amplitude A. (b) Load p vs. end-shortening .
Figure 2-11: Asymptotic view of a destabilisation/restabilisation a) Load p vs amplitude A b)
load p vs end-shortening Δ (after [44])
The plot is made up of a collection of discontinuous curves, where at various points
the global minimiser jumps between symmetric and asymmetric minimisers. Physically,
the initial de-stiffening of the foundation results in a subcritical Hamiltonian-Hopf bi-
furcation into a symmetric homoclinic package, away from an initially periodic solution
over the infinite sample, for which Budd el al. [7] provide an asymptotic estimate, Fig. 2-
11. The subsequent re-stiffening effect brought about by the quintic term of f restricts
the amplification of the central hump. Snaking behaviour ensues [11, 10, 23, 108], due
to no extra load being required to add an extra periodic hump to the homoclinic
package [71, Theorem 3.1]. Throughout this snaking behaviour the global minimiser
jumps between symmetric and asymmetric profiles. Peletier [71] shows there exists a
plethora of local minima, particularly highlighting the complexity of this typical energy
landscape, Fig. 2-12.
This work emphasized some key features, particularly when applied to geological
folds. Firstly, localisation requires no initial imperfection; for a finite length strut, a
secondary subcritical path bifurcates away from the Biot’s periodic solutions [107, 7],
leading to a range of symmetric and asymmetric localised solutions. Secondly, when
viewed from an energetic angle, the complexity of possible solutions is vast. This runs
akin to geological observations; that folds are not simple periodic solutions, but in
many cases are complex aperiodic and asymmetric. We also note that the standard
Biot equation [2] is solvable using Fourier methods, but once the foundation is nonlinear
this is no longer the case. Asymptotic methods, like those presented in [7], provide an
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7. The nonlinearity F 25
3.52.5
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p
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Figure 11: Every circle represents a ‘local minimizer’ that was found numerically (see text).
can create admissible profiles with large negative strain energy. As an example, consider
uk (x) = u¯ η(|x| − k),
where η is a smooth cut-off function such that η ≡ 1 on (−∞,−1] and η ≡ 0 on [1,∞). If
k > 1, then J(uk ) is independent of k, but W (uk ) takes arbitrarily large negative values as
k →∞. Since we therefore have infCλ W = −∞, the existence question is absurd. In order to
avoid this degeneracy, we need to assume F (u) ≥ 0 (the possibility F (u¯) = 0, u¯ 6= 0 leads to
non-compactness of minimizing sequences; however, such sequences can be adapted to regain
compactness, so that the existence of a minimizer is not compromised).
To summarize, the main characteristics of F that lead to existence are the destiffening
nature and this positivity property. The function (1.6) meets these constraints if and only
if α ≥ 3/16. We assume α ≥ 1/4 in this paper, however, so that uF ′(u) ≥ 0, implying
that p ≥ 0 (see (2.10)). Therefore the origin is a saddle-focus for the equation (1.5) (when
viewed as a dynamical system in x), and orbits in the stable and unstable manifold oscillate
around zero. This property is used in the proofs of Lemma 6 and Theorem 7. We conjecture
that α ≥ 1/4 is unnecessarily restrictive, however, and that α ≥ 3/16 should suffice for both
existence of minimizers and the convergence for large λ.
Turning to the convergence of minimizers as the end-shortening λ tends to infinity (The-
orem 7), simple positivity of F is not sufficient. One can construct counter-examples where
F (u) is small, but positive, for large |u|; minimizers for such nonlinearities are unbounded in
Figure 2-12: Shows a load vs end-shortening plot, eac white dot show a local minimis r and
black dots show global minimisers found by solving (2.7) (α = 0.3) using a constrained gradient
flow method outlined in [8, 71]. The indented plots show solution profiles at the various points
indicated. Plot courtesy of M. Peletier, after [71].
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analytic route to some solutions. However, closed form solutions to such nonlinear
equations cannot be expected, and robust numerical methods are the only means to
attain such convoluted solutions [8, 9, 71]. The gradient flow method outlined in [7, 71],
is particular powerful because it offers a method whereby the equilibrium equation (2.7)
is solved alongside calculating the potential energy of the solution. This is vital when
evaluating such an undulating energy landscape.
2.3 Folds in multilayer structures
The initial geometric observations of folds by Hall [33], Van Hise [98] and others de-
scribed the geometry of multilayered folds rather than single isolated layers. Multilay-
ered structures can arise from a number of different geological processes, sedimentary
bedding [4] (for two different examples see Fig. 2-13), lithological layering in meta-
morphic schists and gneisses, [75, 80] or planar anisotropic features such as cleavage
or schistosity [75]. In terms of analysis a multilayered formulation becomes a natural
extension to any single layered model [2, 77, 25].
2.3.1 Harmonic and Disharmonic folding
Consider two layers initially lying parallel to each other, buckled by a layer-parallel
force. Then if the two layers are sufficiently far apart, each layer will buckle indepen-
dently of the other resulting in so called disharmonic folding. As the distance between
the two layers decreases, the stress fields of each layer begin to interact, and both layers
buckle to a similar wavelength, named harmonic folding. This introduces the concept
of zone of contact strain, which is defined as the zone of disturbance either side of a
Figure 2-13: Figure shows layering in rocks due to sedimentary bedding, on the right is
alternate sandstone shale layering of varying thickness at Bude, Cornwall, and on left uniform
layer of slate at Bigsbury Bay, Devon.
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buckling layer. Ramberg, [76], considered how far the zone of contact strain extends,
and showed that the disturbance to strain drops to approximately one percent of its
maximum value a distance one wavelength from a buckled layer. Therefore for layers
separated by a distance greater than their wavelengths, each layer in practice behaves
like a single layer.
This gives a clear transition from a single layer to a pure multilayered structure,
which is shown in several photos, Fig. 2-14. Multilayered structures have the addi-
tional constraint that geometrically adjacent layers must fit together. This constraint
generates a number of distinctive forms of folding, not seen in single layered systems
(see for example [75]). Illustrative examples are shown in Fig. 2-15 and Fig. 2-14.
The sequence of events leading to such structures is of course lost in geological time.
However as in the small scale experiments undertaken by Hall [33], squashing layered
materials such as paper provides some suggestions.
2.3.2 A kink band model
The outcome of one such experiment [101] is shown in Fig. 2-16. Eight hundred half
sheets of A4 cut longitudinally were squashed together under a transverse load between
steel plates, and then slowly loaded in the longitudinal direction by a second applied
axial load. Load cells were used to record both loads at one-second intervals, and an
in-plane transducer registered the axial end displacement. To aid visualization, black-
edged sheets were introduced every 25 layers. The output from a typical experiment is
Figure 2-14: Shows the spectrum of disharmonic folding to harmonic and polyharmonic fold-
ing, as the zone of contact strains overlap. The picture on the left demonstrate both disharmonic
and harmonic folding, Picture from Porthleven,Cornwall, UK; whereas on the right the picture
shows beautiful harmonic folding, Kangaroo Island, Australia (Photo courtesy of B. Hobbs).
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shown. Kink bands formed in sequence from the loaded end, starting at the point B,
followed in turn by D, F and G, seen on the output diagram. Each band forms with a
clear cut instability, observed by an corresponding instantaneous fall in applied axial
load and followed by subsequent re-stabilization or lock-up.
Geological folding due to tectonic compression is likely to occur under conditions
of high overburden pressure [37, 75]. The formation of voids is therefore subject to
severe energy penalties, and various authors have argued that the process of voiding
may therefore be neglected [6, 75]. Hunt el al. [43, pp. 678] made the geometric
observation that identical copies of layers can fit together without voids by adopting
straight limbs punctured by sharp corners. A series of three papers postulates this
simplified geometry, and develops a prototype to describe the formation of the first
kink band (for example at point B, Fig. 2-16). Figure 2-17, shows the general set
up of such a model, where a pseudo-potential energy for the system was derived, and
equilibrium solutions were found.
In the absence of small imperfections, linear theory suggests that in the flat state,
the system never becomes unstable, displaying an infinite critical load. However, under
increasing applied end-displacement the trivial state becomes increasingly metastable,
such that the slightest disturbance triggers a highly nonlinear snap-back response.
This problem is overcome by employing Maxwell’s stability criterion (see [109, pp. 53]
and [101]), which assumes stability lies with the global minimum, and provides a lower
bound of load or displacement, termed the Maxwell load and displacement, at which the
trivial and kink configurations have equal energy. Energy minimisation also provides
a prediction of the orientation and size of the kink band which seeks to minimise slip
as the band dilates. This work particularly highlights the importance of friction in the
formation of kink bands and any multilayered model [101, 6]. The third paper [101],
Figure 2-15: Folding patterns in thinly bedded shales and sandstones in Cornwall, UK. Left:
parallel folding at Bude. Right: chevron folding at Millook Haven.
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SELF-SIMILAR VOIDING SOLUTIONS OF A SINGLE LAYERED
MODEL OF FOLDING ROCKS
T. J. DODWELL
Figure 2: Top: kink banding in compressed layers of paper. Deformation is forced in about 625
sheets of paper from a sample of 800. Bottom: output diagram: load vs. end displacement.
the eye moves from bottom left to top right, the curvature of the layers increases until eventually
it becomes too tight, and forms a distinctive swallowtail singularity [2], after which the layers are
seen to crumble. On the right, the geometric constraints have been overcome by the rocks adopt-
ing straight limbs and sharp corners, in what is known as chevron folding [5]. This phenomenon is
strongly reminiscent of kink banding, seen also in other contributions to this special issue [12, 15].
The sequence of events leading to such structures is of course lost in geological time, but small-
scale experiments on layered materials such as paper do provide some suggestions. The outcome
of one such experiment [16] is shown in Fig. 2. About 800 half sheets of A4 cut longitudinally
were squashed together between two steel plates by a transverse load, subsequently the axial
displacement was increased by a corresponding axial load, whilst the transverse displacement was
kept constant. Load cells were used to record both loads at one-second intervals, and an in-plane
transducer registered the axial end displacement. To aid visualization, a black-edged sheet was
introduced approximately every 25 layers.
Output from a typical experiment is shown at the bottom of Fig. 2. Kink bands formed in
sequence from the loaded end, starting at the point B, followed in turn by D, F and G, seen on
the output diagram. Each band forms with a clear-cut instability, observed by a corresponding
instantaneous fall in applied axial load and followed by subsequent re-stabilization or lock-up.
By comparison, Fig. 3 shows various stages in the loading history of a similar experiment, but
with soft foam layers replacing the upper and lower (stiff) supporting foundation, such that the
overburden pressure and accompanying stiffness are much reduced. The folds still develop and
lock-up sequentially, but the sharp corners and straight limbs of the kink-bands are replaced by
curved layers, as in the parallel folding example of Fig. 1; lock-up is here associated with the
tightening of the curvature on the inside of a fold [2].
The test shown sequentially in Fig. 4 starts under conditions similar to parallel folding, but
evolves to a situation more like kink banding. Foam is again used as a supporting medium, but
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Figure 2-17: The kink band model presented in [101], a) Full stack of blocks, showing external
load P , overburden pressure q, and horizontal reactions H. b) Representative two-layer section,
K is the stiffness of the inline springs.
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provides some comparison with experiments.
2.3.3 Parallel folding
Alternatively, layers can bend with finite curvature about the same centre, which im-
plies that each layer differs from its neighbour, leading to so-called parallel folding, [98].
Budd et al. [6], demonstrated this type of folding with a simple layer-parallel compres-
sion test on layers of paper constrained between foam, Fig. 2-18.
Fig. 2-18 shows various stages in the loading history of a similar experiment to
Fig. 2-16, but with soft foam layers replacing the upper and lower (stiff) supporting
foundation, such that the overburden pressure and accompanying stiffness are much
reduced. The folds still develop and lock-up sequentially, but the sharp corners and
straight limbs of the kink-bands are replaced by curved layers, as in the parallel folding
example of Fig. 2-15; lock-up is here associated with the tightening of the curvature on
the inside of a fold.
Figure 2-18: A compression test with a weaker, but stiffening, foundation (foam). Observe
the parallel folding (in a clockwise direction) demonstrating serial or sequential buckling of a
multilayered structure (after [6]). Experiments were undertaken by Dr Ahmer Wadee under her
EPSRC Project ref:GR/L17177/01.
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Figure 2-19: The two-layered model for rock folding with friction, presented by Budd (after [6])
A series of two papers extends a single layered energy-based approach (seen for
example in [46, 8, 71]) to first a two-layer model of parallel folding [6], and then to
a n-layered model [25], to describe the process (see Fig. 2-18). The assumption of
no voids, coupled with parallel folding, implies that the configuration of a stack of
layers can be expressed in terms of a single layer [6, 5]. Applying nonlinear bending
theory [93, pp. 28] both papers [6, 5] formulate a quasi-energy formulation, which
includes a pseudo-elastic energy contribution of the frictional resistance to slippage, as
well as work done in bending, against a foundation and by an axial load, Fig. 2-19. A
Galerkin approximation, w(x) = Q cos(πx/L) gives the linearised energy potential
V =
1
2
EIL
(π
L
)4
Q2 − 1
4
PL
(π
L
)2
Q2 +
1
4
kLQ2 + 2χμqt|Q| (2.9)
where χ is a friction indicator, taking value ±1 depending on which direction the
friction acts, μ is the coefficient of coulomb friction and q the overburden pressure per
unit length. This analysis gives associated critical loads and wavelengths which are
consistent with previous literature [2, 77, 79]. However the nonlinear effects of friction,
show it acts like an imperfection [93], and there exists a jammed region in which
the classical critical loads are, in most cases, unobtainable. This can be observed by
unfolding the bifurcation point Q = 0 and P = PC ; solving ∂V/∂Q = 0 we plot the
resulting curves
Q = ± 4χμqt
Pπ2/L− 2EIπ4/L3 − kL, (2.10)
in Fig. 2-20.
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Figure 2-20: Bifurcation diagram showing jammed region for a fixed coefficient of friction μ,
after [6, 25]
This analysis holds if the parallel folds are either thin or have small amplitudes; in
these cases the curvature of each of the folds is approximately the same. However, for
especially curved multilayered stacks or thick samples the curvature of the parallel fold
tightens dramatically on the inside of the fold, eventually becoming infinite. Examples
of especially tight parallel folds are shown in Fig. 2-21. Boon et al. [5, pp. 1451],
demonstrate this process mathematically. We now summarise this process as it is
important in chapter 5.
We consider the set of curves given parametrically by γt : R2 7→ R2, so that γt =
{(x(s, t), y(s, t)) : s ∈ [0, L]}, where s characterises the arc length. The parallel folding
assumption is that the normal separation between two curves parameterized by t = t1
and t = t2 is given by |t2 − t1|, and does not depend on s. The exact profile of γt can
be constructed by propagating each point of the reference curve γ0 in its unit normal
direction, ~n, at a distance t [88] where,
~n =
(−y0s , x0s)√
(x0s)2 + (y0s)2
(2.11)
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Figure 2-21: Two pictures show the tightening geometry from the outside to the inside of a
parallel fold. In the left picture is a parallel fold from Bigbury Bay, Devon; whereas on the right
a huge parallel fold, which has formed a singular geometry as curvature, has become infinite,
Bude, Cornwall.
where superscripts refer to the reference curve. It therefore follows that
γt =
{
(x(s, t), y(s, t)) =
(
x0(s)− t y
0
s√
(x0s)2 + (y0s)2
, y0(s) +
x0s√
(x0s)2 + (y0s t)2
)}
.
(2.12)
Boon et al. [5] make the significant observation that
κ(s, t) =
κ(s, 0)
1− tκ(s, 0) , (2.13)
where κ(0, s) is the curvature of the reference layer. We note the curvature becomes
infinite when t = 1/κ(s, 0), whereas for t > 1/κ(0, s), curves self intersect in a swallow-
tail catastrophe (see section 3.1), demonstrating the natural singularities arising from
the geometric constraints of layers fitting together. Boon et al. [5], present a level set
method to describe the multilayer parallel folding, which takes an Eulerian represen-
tation. This Eulerian approach seeks to find the (x, y) equation for the curves γt, by
viewing t as a continuous variable and solving a differential equation which governs
the propagation of γt. Following an approach set out by Osher & Sethian [88], let
x = (x(t), y(t)) be a point on the curve γt = {(x, y) : y = w(x, t)} and v(x, y) be the
speed in the normal direction. By starting with the identity, φ(x, y, t) = 0, it follows
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Figure 2-22: The level set method applied to folding rock, where the dashed line is a spline
fitted to the shape of a layer centre layer. Rock escarpment from Bude, Cornwall, diagram after
Boon et al. [5].
that φ(x, y, 0) = 0 and hence φ satisfies the following partial differential equation,
φt + v ∙ |Oφ| = 0, (2.14)
with an initial condition φ(x, y, 0) = w(x). For parallel folding the velocity vector is
constant. This hyperbolic differential equation is known as the level set equation and
naturally copes with the singularities which may arise in sufficiently curved parallel
folds. An application of this method to the folding of layers of rock is shown in Fig. 2-
22.
Boon et al. [5] also show that the contribution of bending energy is important close
to this geometric singularity.
Although the level set method introduces the ideas of geometric singularities in
multilayered folding, which is important to the work presented in this thesis, it seems
a mathematically heavy method for a simple concept. Additionally, an initial profile
for the centre layer must still be determined, so the level set method, at the moment,
only really provides a good mathematical method where the full geometry of the layers
may be determined by a single layer, i.e. if no voiding is assumed.
2.3.4 Kinks or parallel folding?
Previous models have offered different mechanisms or setups to describe the formation
of parallel [6, 25] and kink type folding [43]. Intuitively there is some mechanism for
the selection between these different observed forms [8], and ideally both should be
attainable within the same model. The level set method describes a mathematical
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approach to describing layers capable of forming both smooth sinusoidal and sharp
cornered profiles. However it does not give the mechanism under which different profiles
have developed.
Biot offers an explanation for this selection process, by modelling the buckling of an
anisotropic material [3]. Traditionally, models for the buckling of multilayers set out to
consider the individual layers and combine these effects to predict the bulk behaviour
of the stack [76]. However Biot adopted an alternative approach and considered the
bulk behaviour of a multilayered material, by averaging its properties. He noted that
even though individual layers of a multilayered stack may be isotropic, the layering
gives a natural anisotropy, since the layering offers a direction of relatively easy shear.
Such an anisotropic material is modelled by the buckling of a multilayer made up of
alternating competent and incompetent layers confined between two rigid boundaries.
If the multilayered material is made up of two incompressible elastic materials, the bulk
properties of the material can be expressed by two constants L and M , which measure
the resistance to shear and compression parallel to the layering, where M is assumed
to be greater than L.
Biot derives the corresponding equilibrium equation for such a material under plane
stress P , (
L− P
2
)
∂4ϕ
∂x4
+ 2(2M − L) ∂
4ϕ
∂x2∂y2
+
(
L− P
2
)
∂4ϕ
∂y4
= 0, (2.15)
where ϕ defines a stress function. The occurrence of internal buckling solutions cor-
responds to the existence of a hyperbolic solution to (2.15). Biot showed, by examin-
ing the corresponding characteristic equation, that for low mechanical anisotropy i.e.
L ≈ M , (2.15) has solutions of mixed elliptic-hyperbolic type
ϕ = −C cos ωx cos ξωy,
as shown in Fig. 2-23. This figure demonstrates the plethora of solutions possible at
a low level of anisotropy by changing the orientation of the layer with respect to the
direction of the compression P . For high mechanical anisotropy, the characteristic
equation gives two roots; for this purely hyperbolic case, solutions have two corre-
sponding characteristic directions. This type of instability is also shown in Fig. 2-23,
for various layer orientations. Here the characteristic directions represent the angles of
easy shear [3, 20, 57], and are closely related to the phenomenon of shear failure, seen in
various geological features, for example kink banding [43]. Biot’s model is particularly
interesting as it gives the first analytical model to indicate a selection process between
gently curved sinusoidal folds and sharp cornered kink bands. A paper by Cobbold et.
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Figure 2-23: Summary of the combined effects of the degree of anisotropy and orientation
of the principle stress (θ) with respect to layering, on the form of internal instabilities or fold
structures (after [20]).
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al. [20], provides a particularly good review of this work.
2.4 Concluding Remarks
Biot’s work provided a mathematical route into an extremely complex subject. The
linear theory is unreliable past the initial instability, where the concept of a dominant
wavelength is unclear. However there is little doubt that this sort of approach has led
to a much greater understanding of a whole range of geological features. At the time of
Biot’s work, there were insufficient numerical methods and computational power to deal
with nonlinear models and the resulting non-analytic solutions. However, now there
are no such limitations the nonlinear effects and the resulting non-analytical solutions
and methods must be embraced.
Biot and others have strongly argued that the deformation of rocks is inherently
viscous. However, Chapple [89], shows that independently of a linear elastic or viscous
approach both analyses are identical up to a change in operator. We also note that
nonlinear elastic models can provide various apparently non-elastic effects, for example
viscous softening, plastic hardening or pseudo elastic models for friction [6, 43]. We
recognise that such purely elastic assumptions are inaccurate for real rock folds, which
represent permanent inelastic deformations. However more complex rheological models
are also a vast simplification of their geological counterparts, which are formed by an
intricate balance of nonlinear constitutive laws, strain history, temperature, pressure
and chemical coupling [40]. Such complexity appears almost impregnable to precise
analysis. Biot disregarded a legalistic hair splitting approach, which he particular ex-
presses in his acceptance speech of the Timoshenko Medal in 1962,
‘There is, of course, no merit in sophistication for its own sake. In the
understanding of the physical world, it is important to perceive what is
irrelevant........ [and] we should not align simplicity with the lack of under-
standing. ’
A series of simple mechanical models to illustrate the fundamental influence of nonlinear
geometric constraints of layering in geological folds is now presented. Understanding
the perfect elastic system not only allows us to make use of an advanced mathematical
toolkit, but also permits a precise analysis; most importantly its complexity does not
detract from the highly nonlinear geometric constraints of layers fitting together. This
is an essential part of any multilayered model, independent of the rheological choice.
Biot’s model, presented in the final section, provides an introduction to the idea
of selection between the range of observed folds. It does not however provide any
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information on deformations past the initial linear instability. With the exception of a
geometric model developed by Ramsay [79], on the finite amplification of chevron folds,
it is noted there has been little work on formation of voids, or the geometric constraints
of layers fitting together in multilayered structures. The formation of voids and the
related accommodation structures have only been introduced in a descriptive manner.
In part this is because of the inherent difficulties which arise in contact problems.
However, taking a simplified energy based approach provides a simple route into this
new subject, and with that we follow Biot’s example.
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CHAPTER 3
SELF SIMILAR VOIDING
SOLUTIONS OF A SINGLE LAYERED
MODEL OF ROCK FOLDING
3.1 Void formation
Consider a system of horizontal rock layers of constant thickness, initially lying parallel
to each other, that are then buckled by an external compressive horizontal force, whilst
Figure 3-1: Left: Chevron fold in alternating sandstone and shale with a well developed quartz
filled saddle reef between two thickly bedded sandstone layers. Hartland Quay, North Devon,
England (after [79]) Right: A photograph of a chevron fold at Millook Haven, Cornwall. Both
pictures are approximately 2 metres square.
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being held together by an overburden pressure. If the layers of rock do not separate
during the folding, sharp corners may develop. To see this, consider a single layer
buckled into the shape of a parabola with further layers of constant thickness lying
on top. Moving from the bottom layer upwards, geometrical constraints mean that
the curvature of the individual layers tightens until it becomes infinite, marking the
presence of a swallowtail singularity [5]. Beyond this singularity the layers would have
to interpenetrate. This process is illustrated in Fig. 3-2, showing how the layers would
continue through the singularity if they were free to interpenetrate.
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this, consider a single layer buckled into the shape of a parabola with further layers,
of constant thickness, lying on top of this. Moving from the bottom layer upwards,
geometrical constraints me n th t the curvature of the individual layer tightens until
it becomes infi ite, marking t e presence of swallowt il singularity [1]. Beyond this
singularity the layers interpenetrate in a non-physical manner. This process is illus-
trated in Figure 1.2, showing how the layers would continue through the singularity
if they were free to interpenetrate.
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Fig. 1.2. A c lo s e- u p v i ew o f th e p r o p ag ati o n o f a p ar ab o la, d em o n s tr ati n g th e p h y s i c ally -
u n r eali s ab le s w allo w tai l c atas tr o p h e.
Models have dealt with these singularities by for instance limiting the number
of layers [2, 5 ], using the concept of viscosity solutions [1], or postulating a simpli-
fied geometry of straight limbs punctuated by sharp corners, as is observed in kink
banding [8 , 17 ]. These approaches, however, disregard the resistance of the layers to
bending, which is ex pected to be especially relevant close to the singularity. H ere we
therefore introduce the property of e lastic stiff ne ss into the modeling, and combine it
with a condition of non-interpenetration. A s a result, the layers will not fit together
completely, but do work against overburden pressure and create voi d s, which are also
known as sad d le re e f s [14 ]. The folding of rocks is a complex process with many inter-
acting factors. I n a multilayered model it is clear that work needs to be done to slide
the layers over each other in the presence of friction, to bend the individual layers
and finally to separate the layers ( voiding) . I n order to understand the interaction
between the process of bending and voiding we will not consider the eff ects of friction
in this paper but will leave this to the subj ect of later work.
The process of voiding is illustrated in Fig. 1.3 , which shows a laboratory recre-
ation of folding rocks obtained by compressing 7 5 0 layers of A 5 paper, which are
constrained laterally by a foam foundation. To aid visualiz ation, a black-edged sheet
was introduced approx imately every 25 layers. A s we move through the sample, the
curvature of the layers increase until a point is reached where the work against pres-
sure in voiding balances the work in bending and the layers separate. A number of
features of the voiding process can be seen in this figure. I n this paper we consider
the local voiding behaviour of a single layer, and not the full multilayered stack. H ow-
ever, we note that although the introduction of a black-edged sheet clearly helps to
induce voids, they appear as a periodic seq uence every five black sheets or once every
125 layers. This periodic behaviour is particularly interesting, and is considered in a
separate contribution, [4 ].
I n this paper we present a simplified energy-based model of voiding inspired by
the processes observed in Fig. 1.3 . The model consists of a single elastic layer with a
vertical displacement w ( x ) forced downwards, and bent, into a corner-shaped obstacle
of shape f ( x ) ≤ w ( x ) by a uniform overburden pressure q ( see Fig. 1.4 ) . The corner
Figure 3-2: A close-up view of the propagation of a parabola, demonstrating the physically
unrealisable swallowtail catastrophe.
Energy based models have avoided such geometric singularities by for instance lim-
iting the number of layers [6], using the concept of viscosity solutions [5], or postulating
a simplified geometry of straight limbs punctuated by sharp corners [43]. These ap-
proaches disregard the resistance of the layers to bending close to the singularity, which
is expected to be especially relevant. Firstly the properties of elastic stiffness are intro-
duced into the modelling, and are combined with a condition of non-interpenetration
of layers. As a resul , the layers will no longer fit together completely, but do work
against overburden pressure and create voids. Such voids are associated with structures
known as saddle reefs [79].
Definition 3.1. A saddle reef is a mineral deposit associated with the crest of an
anticlinal fold or trough of a synclinal fold, which follow the bedding plane. Saddle reefs
are usually found in vertical succession, through the hinge of multilayered folds.
An example of such voids can be seen in Fig. 3-1, where they are visible through
the flowage of softer material into the crest of the anticlinal folds, which have separated
while undergoing intense folding.
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Figure 3-3: (a) A detailed section through the hinge of the large chevron fold of Bendigo,
Australia. The dark triangular shapes in the crest of the anticline indicate saddle reefs or
voids forming in vertical succession. (b) A section through the folded chevron of sedimentary
rocks and the basement rocks of Bendigo, Australia. (c) Shows a close up illustration of the
accommodation thrust and voids or saddle reefs that have formed at these chevron folds. (af-
ter [34, 35, 75])
3.1.1 Mineral deposits and voids
The formation of voids are of particular economic interest, since they frequently form
localised areas in which minerals collect. A notable field example, is the gold rich quartz
deposits of Bendigo, Australia. Here a sequence of saddle reefs have formed in vertical
succession through the hinge region of multiple folds, which have been subsequently
filled with quartz and high concentrations of gold, Fig. 3-3.
The chevron folds at Bendigo have formed directly above a basement that was
undergoing prograde metamorphism during folding. Progressive or prograde metamor-
phism occurs when temperatures and pressures acting on the rock become large; the
rocks then undergo a series of chemical reactions, to form minerals more stable at these
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conditions. In particular, dehydration reactions associated with this process produce
fluids rich in precious metals [75].
As hot fluids rise and then subsequently cool closer to the earth surface, large circu-
lar convection currents of water, called Rayleigh-Be´rnard convection rolls, are generated
in the Earth’s surface. As the water rises and temperatures fall, metal becomes less
soluble in water, and comes out of solution where it is deposited amongst the rock folds.
The voids or saddle reefs, multiple accommodation thrusts and the formation of tension
fractures in the outer arch of folds [75], increase the permeability of fluids through the
hinge. Over time this process deposits large quantities of quartz, and therefore gold,
into the vertical sequence of voids that have formed. To date approximately 2,600 tons
of gold have been extracted from Bendigo mines.
3.1.2 Formation of voids in paper experiments
The process of voiding is illustrated in Fig. 3-4, which shows a laboratory recreation of
folding rocks obtained by compressing 750 layers of A6 paper, which are constrained
laterally by a foam foundation. To aid visualization, a black-edged sheet was introduced
every 25 layers. As we move through the sample, the curvature of the layers increase
until a point is reached where the work against pressure in voiding balances the work
in bending and the layers separate. A number of features of the voiding process can
be seen in this figure. We note that the introduction of a black-edged sheet clearly
helps to induce voids, which appear as a periodic sequence every five black sheets or
once every 125 layers. In this chapter we consider the local voiding behaviour of a
single layer forced into a singular geometry. We then consider the formation of voids in
multilayered structures, like those seen in the paper experiment described above, and
in the field examples of Bendigo and Cornwall, in Chapter 5.
A simplified energy-based model is presented for voiding inspired by the processes
observed in Fig. 3-4. The model consists of a single elastic layer with a vertical dis-
placement w(x) forced downwards, and bent into a corner-shaped obstacle of shape
f(x) ≤ w(x) by a uniform overburden pressure q (see Fig. 3-5). To study this situation
we construct a potential energy function V (w) over all suitably regular functions. This
constrained minimisation problem is closely related to many other obstacle problems,
as can be found in the study of fluids of porous media, optimal control problems, and
the study of elasto-plasticity [26]. While obstacle problems are often cast as variational
inequalities [63], here we use the Kuhn-Tucker theorem [68] for its suitability when
interpreting the results physically.
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Figure 3-4: A laboratory experiment of layers of paper constrained and loaded in-plane. In this
figure the black lines are for illustrative purposes, and are produced by inserting a single black
layer of paper between every 24 layers of white. The resulting deformation shows the formation
of voids when the imposed curvature becomes too high. Note the regular and repeatable nature
of the voids.
3.2 The modelling
We consider an infinitely long thin elastic layer, of stiffness B, whose deformation is
characterized by its vertical position w(x) as a function of the horizontal independent
variable x ∈ R. Overburden pressure, from the overlying layers, is assumed to act
perpendicularly to the layer with constant magnitude q per unit length. The layer is
constrained to lie above a V-shaped obstacle, defined by the function f(x) = k|x|, i.e.
w ≥ f .
Although we appear to solve the problem for an infinitely thin layer, the analysis is
the same for thin layers of uniform thickness up to a change of stiffness B; in all cases
w(x) defines the centreline of the layer, and f(x) defines the shape the layer would
take in the absence of voids. The contact set of a function w is the set Γ(w) = {x ∈
R : w(x) = f(x)}, the non-contact set Γc(w) is its complement, and we define the two
contact limits `+ = inf{x > 0 : u(x) = f(x)} and `− = sup{x < 0 : u(x) = f(x)}. The
setup and parameters of the model are summarised in Fig. 3-5.
We now derive a total potential energy functional for the system, described by the
displacement w.
3.2.1 Bending energy
Classical bending theory (e.g. [93, Ch. 1]) gives the bending energy over a small segment
of the beam ds as dUB = B2 κ(s)
2ds.
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q
f = k|x|
w
x
s ψ
`+`−
Fig. 1.4. T h i s fi g u r e s h o w s th e s etu p o f th e m o d el d i s c u s s ed i n th i s p ap er . A n o v er b u r d en
p r es s u r e q f o r c es an elas ti c lay er w i n to an o th er lay er f w i th a c o r n er s i n g u lar i ty . `+ an d `− d efi n e
the fi r s t p o i n ts o f c o n tac t ei th er s i d e o f th e c en tr e li n e. I n th i s p ap er th e lay er i s d es c r i b ed b o th b y
C ar tes i an c o o r d i n ates ( x,w ) m eas u r ed f r o m th e c en tr e o f th e s i n g u lar i ty , an d i n tr i n s i c c o o r d i n ates
c h ar ac ter i s ed b y ar c len g th s an d an g le ψ.
a s t a t i o n a r y s o l u t i o n . I n S e c t i o n 3 . 3 w e s h o w h o w i n t e g r a t i o n o f t h e E u l e r - L a g r a n g e
e q u a t i o n a n d t h e H a m i l t o n i a n g i v e s v e r t i c a l a n d h o r i z o n t a l f o r c e b a l a n c e s f o r t h e
s y s t e m , w h e r e i n d i v i d u a l t e r m s c a n b e i d e n t i fi e d w i t h t h e i r p h y s i c a l c o u n t e r p a r t .
S e c t i o n 4 g i v e s a s h o o t i n g a r g u m e n t t h a t s h o w s t h e r e e x i s t s a u n i q u e s o l u t i o n
t o t h i s o b s t a c l e p r o b l e m . T h r o u g h o u t t h i s w o r k w e c h o o s e n o t t o n o n - d i m e n s i o n l i z e
t h e p r o b l e m , s i n c e b y k e e p i n g a l l c o n s t a n t s t h e p h y s i c a l i n t e r p r e t a t i o n i n S e c t i o n 3
i s m a d e c l e a r . H o w e v e r , i t i s i m m e d i a t e f r o m ( 1 . 1 ) t h a t w o n l y d e p e n d s o n t h e r a t i o
q/B . I t c a n a l s o b e s e e n b y i n s p e c t i o n t h a t t h e e n e r g y i s i n v a r i a n t u n d e r t h e s c a l i n g
t r a n s f o r m a t i o n x → Lx , w → Lw , f → Lf , a n d ( q/B ) → L−3 ( q/B ) f o r a n y L > 0 .
T h i s i m p l i e s t h a t t h e u n i q u e m i n i m i z e r s c o u l d f o r m a o n e - p a r a m e t e r g r o u p d e s c r i b e d
b y a s u i t a b l e s i m i l a r i t y s o l u t i o n . T h e m a i n r e s u l t o f S e c t i o n 5 i s a r i g o r o u s p r o o f o f
t h e e x i s t e n c e o f s u c h a s i m i l a r i t y s o l u t i o n f r o m w h i c h w e d e d u c e t h e f o l l o w i n g :
Theorem 1.1. Given k > 0 so that f = k|x|, there exists a constant β = β ( k ) > 0
such that for all q > 0 and B > 0 , the horizontal size of the void ` and the vertical
shear force at the point of contact Bwxxx ( `− ) scales so that
` = β
( q
B
) − 1 / 3
and Bwxxx ( `− ) = −B β( 1 + k 2 ) 5 / 2
( q
B
) 2 / 3
.
I n S e c t i o n 6 w e s h o w t h a t t h e s e a n a l y t i c a l r e s u l t s a g r e e w i t h t h e n u m e r i c s , a s w e l l
a s w i t h p h y s i c a l i n t u i t i o n . A s t h e r a t i o o f o v e r b u r d e n p r e s s u r e t o b e n d i n g s t i ff n e s s
b e c o m e s l a r g e , t h e s i z e o f t h e v o i d t e n d s t o z e r o , g i v i n g a d e f o r m a t i o n w i t h s t r a i g h t e r
l i m b s a n d s h a r p e r c o r n e r s . B y a l l o w i n g t h e l a y e r s t o f o r m a v o i d , t h e m o d e l i s c a p a b l e
o f p r o d u c i n g b o t h g e n t l y c u r v i n g a n d s h a r p - c o r n e r e d f o l d s , w i t h o u t v i o l a t i n g t h e
e l a s t i c a s s u m p t i o n s . U n d e r s t a n d i n g t h i s l o c a l b e h a v i o r a t a r e a s o f i n t e n s i v e f o l d i n g
m a y b e s e e n a s a fi r s t s t e p t o a m u l t i l a y e r e d m o d e l w i t h t h e p o s s i b i l i t y o f v o i d i n g .
2. A voiding model close to a geometric singularity.
2.1. The modeling. W e c o n s i d e r a n i n fi n i t e l y l o n g t h i n e l a s t i c l a y e r , o f s t i ff -
n e s s B , w h o s e d e f o r m a t i o n i s c h a r a c t e r i z e d b y i t s v e r t i c a l p o s i t i o n w ( x ) a s a f u n c t i o n
o f t h e h o r i z o n t a l i n d e p e n d e n t v a r i a b l e x ∈ R . O v e r b u r d e n p r e s s u r e , f r o m t h e w e i g h t
o f o v e r l y i n g l a y e r s , a c t s p e r p e n d i c u l a r l y t o t h e l a y e r w i t h c o n s t a n t m a g n i t u d e q p e r
Figure 3-5: This figure shows the setup of the model discussed in this chapter. An overburden
pressure q forces an elastic layer w into another layer f with a corner singularity. `+ and
`− define the first points of contact either side of the centre line. In this chapter the layer is
described both by cartesian coordinates (x,w) measured from the centre of the singularity, and
intrinsic coordinates characterised by arc length s and angle ψ.
Definition 3.2 (Curvature). Curvature, κ, of a given curve is defined as
κ =
dψ
ds
(3.1)
where ψ(s) is the angle the curve makes with the hor zontal, a distance s along the arc
length of the curve.
By considering the geometry of a small segment of a beam, Fig. 3-6, we note that
dw
dx
= tan ψ
Then by differentiating each side with respect to x, it follows that
d2w
dx2
= sec2 ψ
dψ
dx
⇒ d
2w
dx2
= sec3 ψ
dψ
ds
.
The geometry of a right-angled triangle reveals that sec ψ =
√
1 + w2x, therefore
κ =
dψ
ds
=
wxx
(1 + w2x)3/2
.
Integrating dUB over all s we find
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Figure 3-6: This diagram shows a small segment of the beam δs, and the corresponding
geometry.
UB =
B
2
∫ ∞
−∞
κ2ds =
B
2
∫ ∞
−∞
w2xx
(1 + w2x)3
ds
dx
dx =
B
2
∫ ∞
−∞
w2xx
(1 + w2x)5/2
dx.
The quadratic dependence on wxx implies that a sharp corner has infinite bending
energy. This is the reason why at any finite overbur en pressure the elastic layer will
show some degree of voiding.
It also proves useful in section 3.4.2 to derive two other geometric relationships from
Fig. 3-6,
sin ψ =
dw
ds
= wx/(1 + w2x)
1/2 and cos ψ =
dx
ds
= 1/(1 + w2x)
1/2.
3.2.2 Work done against overburden pressure in voiding
In the experiments with paper and their geological counterparts, the formation of voids
implies a subtle interplay between the release of overburden pressure in these areas, and
some compensatory increase in internal strain energy elsewhere. Rather than attempt
to model this complex situation directly, we simply assume here that the creation of all
voids does work against a constant pressure q per unit length, regardless of its position
in the sample. Therefore considering displacements w for which w ≥ f the work done
by overburden pressure in voiding is given by q(w − f) dx, and integrating over all x
gives
UV = q
∫ ∞
−∞
(w − f)dx.
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We see that if q is large, then UV becomes a severe energy penalty. Pressure loading
is sometimes seen as a follower force, but whereas the latter is often regarded as non-
conservative this need not be the case. If the system is loaded through a plunger as
shown in Thompson & Hunt [94, pp. 190], pressure loading can be seen as conservative;
if the plunger is loaded with a dead weight, we can remove the deformation and regain
all the energy as the weight rises.
3.2.3 Total potential energy
The total potential energy function is the sum of bending energy and work done against
overburden pressure,
V (w) =
B
2
∫ ∞
−∞
w2xx
(1 + w2x)5/2
dx + q
∫ ∞
−∞
(w − f) dx (3.2)
In this chapter we focus on global minimizers of the energy functional (3.2) subject to
the constraint w ≥ f .
For (3.2) to be well defined, a solution w must be restricted to a space of functions.
For the finiteness of the first term we require at least w ∈ H2loc(R), that is the space
of all functions which are square-integrable for any compact set K ⊂ R. Finiteness of
the second term in V requires w − f ∈ L1(R). Therefore combining these spaces we
restrict w to the space of functions H2loc(R) ∩ (f + L1(R)).
3.3 Constrained minimization of total potential energy
3.3.1 Properties and existence of minimizers
Before deriving the associated Euler-Lagrange equation as a necessary condition for
minimizers of (3.2) under the condition w ≥ f , we first establish a few basic, but
important, properties. These are that a constrained minimizer exists, is necessarily
convex and symmetric, and has a single interval in which it is not in contact with the
obstacle. We will prove uniqueness using different methods in Section 3.5. Firstly we
make the following definition of the convex hull of a function.
Definition 3.3. We write w# for the convex hull of w, i.e. the largest convex function
v satisfying v ≤ w.
Firstly we make the observation that by taking any suitable function w, i.e. a
function for which w ≥ f and V (w) < ∞, and constructing its convex hull w#, the
convex hull also meets the contact constraint w# ≥ f and V (w#) ≤ V (w). Therefore
any minimizer of V must be convex. Formally we state the following theorem,
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Figure 3-7: Diagram demonstrates the argument to proof of theorem 3.4. Taking any function
w ∈ H2(R) ∩ (f + L1(R)) (left) and constructing the convex hull of that function w# (right),
then V (w#) ≤ V (w).
Theorem 3.4. For any w, V (w#) ≤ V (w), and any constrained minimizer w is
convex. For all x ∈ R, −k ≤ wx(x) ≤ k.
Proof. Defining the set Ω := {x ∈ R : w#(x) = w(x)}, the function w# is twice
differentiable on Ω, with a second derivative w#xx equal to wxx almost everywhere on Ω.
On the complement Ωc, w#xx = 0 by [31, Theorem 2.1]. Substituting w# into (3.2) shows
that V (w) ≥ V (w#), with equality only if w# = w. This proof is best demonstrated
by a diagram, Fig. 3-7.
As a direct consequence of Theorem 3.4,
Theorem 3.5. The non-contact set Γc(w) of a minimizer w is an interval containing
x = 0, and for all x ≥ `+ and x ≤ `− we have w(x) = f(x).
Note that this statement still allows for the possibility that `± = ±∞.
Proof. Suppose that x1, x2 > 0 are such that w = f at x = x1 and at x = x2. By
convexity of w we then have w = f on the interval [x1, x2]. If the contact set Γ(w) is
bounded from above, then by the convexity of w, there exists ε > 0 and a < 0 such that
w(x) ≥ a+(k + ε)x for all x > x2, implying that UV (w) = ∞. Therefore Γ(w)∩ [0,∞)
is an interval, and if it is non-empty, then it necessarily extends to +∞. Similarly,
Γ(w) ∩ (−∞, 0] is an interval, and if non-empty it extends to −∞.
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Figure 3-8: The two diagrams summarise the proof for theorem 3.5. The proof shows for a
convex function w ∈ H2(R) ∩ (f + L1(R)) with a non-contact set that is not an interval then
UV (w) = ∞.
Finally, note that x = 0 cannot be a contact point, since the condition w ≥ f
would imply that w 6∈ H2loc(R). Therefore the non-contact set Γc(w) is an interval that
includes x = 0. This proof is summarised in Fig. 3-8.
Theorem 3.6. Any minimiser w is symmetric, so that w(x) = w(−x).
Proof. We proceed by using a cut-and-paste argument, which is illustrated in Fig. 3-9.
If w is a minimizer, then it follows from Theorems 3.4 and 3.5 that w is convex and
for all x ≥ `+ and x ≤ `−, w(x) = f(x). Therefore limx→`± wx(x) = ±k, and the
intermediate value theorem states that there xists xˆ ∈ (`−, `+) such wx(xˆ) = 0. We
now consider the two parts of w either side of xˆ separately. One of the two has energy
lower or equal to the other; assume that it is the left part, i.e. V(−∞,xˆ](w) ≤ V[xˆ,∞)(w).
Since (3.2) and the contact constraint w ≥ f are invariant under the transformation
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xˆ xˆ
w(x)
w(−∞,xˆ] w[xˆ,∞)
w˜(x)
Figure 3-9: These three diagrams summarise the proof of theorem 3.6, to show that a con-
strained minimiser of V is symmetric. By taking any convex w ∈ H2(R) ∩ (f + L1(R)), by
comparing the two energies of the two halves either side of the minimum, a symmetric w˜ is
constructed such that V (w˜) ≤ V (w), therefore any minimiser is symmetric.
x 7→ −x, without loss of generality we assumed that xˆ ≤ 0. Then we construct a new
function w˜:
w˜(x) =
{
w(x + xˆ)− k|xˆ| if x ≤ 0;
w(−x + xˆ)− k|xˆ| if x > 0.
Note that w˜ ∈ H2loc, and it has the same energy as w or lower, since
V (w˜) = V(−∞,0](w˜) + V[0,∞)(w˜)
= V(−∞,0]
(
w( ∙+ xˆ)− k|xˆ|)+ V[0,∞)(w(− ∙+xˆ)− k|xˆ|)
= V(−∞,0]
(
w( ∙+ xˆ)− k|xˆ|)+ V(−∞,0](w( ∙+ xˆ)− k|xˆ|)
= 2V(−∞,xˆ](w) ≤ V (w).
Therefore w˜ is also a constrained minimiser, and consequently it solves a fourth-
order differential equation in its non-contact set Γ(w˜)c (which includes x = 0, see
theorem 3.5). By standard uniqueness properties of ordinary differential equations
(e.g. [21]), w and w˜ then are identical on both sides of x = 0, and remain such until
they reach the constraint f . Therefore w ≡ w˜ and is therefore symmetric.
Corollary 3.7. Since w is symmetric, `+ = −`− = `.
Finally, these assembled properties allow us to prove the existence of minimisers:
Theorem 3.8. There exists a minimiser of V subject to the constraint w ≥ f .
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Proof. Let un be a minimising sequence, then without loss of generality we can follow
Theorems 3.4 and 3.6 to construct a corresponding minimising sequence wn, of at most
equal energy, which is convex and symmetric. Since the wn are symmetric, we construct
the following argument only on R+. By the convexity of wn, and since wn(x)−f(x) → 0
as x →∞, the derivative wn,x converges to f ′(∞) = k as x →∞; therefore the range
of wn,x is [0, k]. Since by convexity
∫∞
0 (wn − f) dx ≥ wn(0)2/2k, the boundedness of
V (wn) implies that wn(0) is bounded.
From the upper bounds on wn,x it follows that wn,xx is bounded in L2(R+); com-
bined with the bounds on wn(0) and wn,x(0) = 0, this implies that a subsequence
converges weakly in H2(K) to some w for all bounded sets K ⊂ [0,∞). This follows
from a standard result that any bounded sequence defined on a self-dual space, in this
case H2, has a weakly converging subsequence [84]. Therefore wn,x converges uniformly
on bounded sets, and it follows that wx(0) = 0 and by Fatou’s Lemma [83, pp. 86]
lim inf
n→∞
∫ ∞
0
w2n,xx
(1 + w2n,x)5/2
dx ≥
∫ ∞
0
w2xx
(1 + w2x)5/2
dx.
Similarly, uniform convergence on bounded sets of wn, together with positivity of wn−f ,
lim inf
n→∞
∫ ∞
0
(wn − f) dx ≥
∫ ∞
0
(w − f) dx.
Therefore V (w) ≤ lim inf V (wn), implying that w is a minimizer.
3.3.2 The Euler-Lagrange equation
The problem reduces to finding a minimiser w of the potential energy functional V
subject to a point-wise inequality constraint, w(x) ≥ f(x). This contact constraint
means classical calculus of variations techniques are difficult to implement. However
there exists a theorem developed by Kuhn & Tucker [68, pp. 249] which adapts standard
variational methods to derive a necessary conditions for such constrained minimisation
problems. We now apply the Kuhn-Tucker theorem to this problem.
Since any minimiser w is symmetric by Theorem 3.6, we restrict ourselves to sym-
metric w, and therefore consider w defined on R+ coupled with the fixed symmetric
boundary condition wx(0) = 0. A full mathematical application of Kuhn-Tucker the-
ory is given in the appendix (A.1). Here we present the general results. Kuhn-Tucker
theory extends general Lagrange multiplier theory to give local necessary conditions
for minimisers of a functional V subject to an inequality constraint. The Kuhn-Tucker
theory states that there exists a dual element z∗ (see appendix A.1), such that the
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Lagrangian
L(w) = V (w) + 〈w − f, z∗〉 (3.3)
is stationary at w, and the complementarity condition 〈w − f, z∗〉 = 0.
Here 〈∙, ∙〉 denotes the inner product of the functional space X := H2loc(R) ∩ (f +
L1(R)). We note that a Riesz representation theorem [84, Theorem 2.14] states there
exists μ, a non-negative measure, such that 〈w − f, z∗〉 = ∫∞0 (w − f) dμ. In addition,
the complementarity condition is equivalent
∫∞
0 (w − f) dμ = 0. Stationarity of this
Lagrangian is equivalent to a zero derivative in the vertical direction, i.e stationary
with respect to vertical perturbations of w. Defining the perturbed function
wε(x) = w(x) + εϕ(x), (3.4)
where ε ∈ R, and ϕ ∈ C∞, stationarity of (3.3) at w is equivalent to
∂L(wε)
∂ε
|²=0 = 0. (3.5)
It follows that
L(wε) =
∫ ∞
0
[
1
2
B
(wxx + εϕxx)2
(1 + (wx + εϕx)2)5/2
+ q(w + εϕ− f)
]
dx−
∫ ∞
0
(w + εϕ− f) dμ
(3.6)
Differentiating L(wε) with respect to ε,∫ ∞
0
[
B
(wxx + εϕxx)
(1 + (wx + εϕx)2)5/2
ϕxx − 52B
(wxx + εϕx)2(wx + εϕx)
(1 + (wx + εϕx)2)7/2
+ qϕ
]
dx−
∫ ∞
0
ϕdμ,
(3.7)
where by setting ε and ∂L(wε)∂ε to zero we obtain the weak form of the Euler-Lagrange
equation ∫ ∞
0
[
B
wxx
(1 + w2x)5/2
ϕxx − 52B
w2xxwx
(1 + w2x)7/2
ϕx + qϕ
]
dx =
∫ ∞
0
ϕdμ. (3.8)
Formally a minimiser w of V subject to the constraint w ≥ f , solves (3.8) subject to
the complementarity condition
∫∞
0 (w − f) dμ = 0.
This stationarity property allows us to prove the intuitive result that all minimisers
make contact with the obstacle f .
Corollary 3.9. The non-contact set, Γ(w)c, is bounded, i.e. ` is finite.
Proof. Assume that the contact set Γ(w) is empty, implying μ ≡ 0. In (3.8) take
ϕn(x) := ϕ(x − n) for some ϕ ∈ C∞c (R) with
∫
ϕdx 6= 0. Since w − f ∈ L1 and
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wxx ∈ L2, we have wx(x) → k as x →∞; therefore, as n →∞, the translated function
y 7→ wxx
(1 + w2x)5/2
(y + n)
converges weakly to zero in L2, implying that the first term in (3.8), with ϕ = ϕn,∫ ∞
0
wxx
(1 + w2x)5/2
ϕn,xx dx =
∫ ∞
−n
wxx
(1 + w2x)5/2
(y + n)ϕxx(y) dy
vanishes in the limit n → ∞. The second term vanishes for a similar reason. In the
limit n →∞ we therefore find q ∫R+ ϕdx = 0, a contradiction.
The boundedness of the non-contact set allows a bootstrapping argument, which
shows minimisers w have increased regularity. Subsequently this allows us to derive
a corresponding free-boundary formulation for the problem. The formal proof for the
bootstrapping argument is placed in the appendix section. We now however simply
state the theorem.
Theorem 3.10. A minimiser w of V subject to the contact constraint w ≥ f , has the
increased regularity w ∈ C∞(Γc) ∩ C2(R+), wxxx is bounded and wxxxx is a measure.
Interpreting this physically, a solution w has a continuous second derivative wxx
on R. Therefore there is no discontinuity in the bending moment at the point of layer
seperation, referred to as mode II failure or shear failure [47].
The regularity of w now allows us to integrate (3.8) by parts and derive boundary
conditions at x = 0 and `, which leads a formal statement of the free boundary problem.
Theorem 3.11 (The free boundary problem). Minimisers w solve the fourth-order
nonlinear differential equation
B
[
wxxxx
(1 + w2x)5/2
− 10wxwxxwxxx
(1 + w2x)7/2
− 5
2
w3xx
(1 + w2x)7/2
+
35
2
w3xxw
2
x
(1 + w2x)9/2
]
+ q = μ (3.9)
on R+, subject to the fixed boundary conditions
wx(0) = 0, wxx(0) = Λ and wxxx(0) = 0, (3.10)
and the free-boundary conditions,
w(`) = k`, wx(`) = k, and wxx(`) = 0. (3.11)
67
Complementarity condition
The complementarity condition
∫∞
0 (w − f) dμ = 0, holds at a given x if either w = f
or w 6= f and μ = 0. Therefore we deduce μ = 0 over the non-contact set Γc(w) or
equivalently supp μ ⊂ Γ(w); where supp denotes the support of a function, i.e. the set
of points for which μ is non-zero. Theorem 3.5 shows that w = f on [`,∞); therefore
substituting this into (3.9) shows that μ|(`,∞) = qH(x − `) (where H(∙) denotes the
Heaviside function). It therefore follows that μ has the structure
μ = αδ` + qH(x− `)
for some non-negative value α. To determine the value of α, take ϕ ∈ C∞([0,∞))
with bounded support such that ϕ ≡ 1 in [0, ` + 1]. Then the weak Euler-Lagrange
equation (3.8) reduces to α = q`.
A first and second integral of the Euler-Lagrange equation
By integrating (3.9), and applying the fixed boundary conditions, we can obtain a
slightly simpler expression,
B
wxxx
(1 + w2x)5/2
− 5
2
B
w2xxwx
(1 + w2x)7/2
+ qx = qxH(x− `) for all x > 0. (3.12)
By substituting the free boundary conditions at x = ` into (3.12) we also find that the
limiting values of wxxx at x = ` are given by
wxxx(`−) = −(1 + k2)5/2 q
B
` and wxxx(`+) = 0. (3.13)
Furthermore, by multiplying (3.12) by wxx and integrating once more we obtain
B
2
w2xx
(1 + w2x)5/2
+ q(xwx − w) = B2 wxx(0)
2 − qw(0). (3.14)
Note that the right-hand side of (3.12) does not contribute to the the integral since
wxx = 0 for all x ≥ `. Substituting the boundary conditions, we derive the necessary
condition
1
2
Bwxx(0)2 = qw(0), (3.15)
so that the previous equation reduces to
B
2
w2xx
(1 + w2x)5/2
+ q(xwx − w) = 0. (3.16)
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3.4 Hamiltonian, intrinsic representation, and physical
interpretation
In this section we pull together a number of key results. First we calculate the Hamil-
tonian for the system and discuss its interpretation in a static setting. We then show
that both the Hamiltonian and the Euler-Lagrange equation for the system can be
represented in a combination of cartesian and intrinsic coordinates, which allows us
to interpret both objects physically. This physical interpretation shows the correspon-
dence between the rigorous mathematical description of the problem and a physical
understanding of the system.
3.4.1 The Hamiltonian
There is a long history of applying dynamical systems theory to variational problems on
an interval, and thus can be interpreted as Hamiltonian systems in the spatial variable
x [69]; implying that the Hamiltonian is constant in space.
We apply the same view here. The conserved quantity H, which we again call
the Hamiltonian, is obtained by considering stationary points of the Lagrangian L
in section 3.3.2 with respect to horizontal or ‘inner’ variations x 7→ x + εϕ for some
ϕ ∈ H2. This defines a perturbed function wε(x) := w(x + εϕ(x)), whose derivatives
are
wεx(x) = wx(x + εϕ(x))(1 + εϕx(x))
and
wεxx(x) = wxx(x + εϕ(x))(1 + εϕx(x))
2 + wx(x + εϕ(x))εϕxx(x).
Therefore as for the Euler-Lagrange equation the Lagrangian L becomes,
L(wε) = 1
2
B
∫ ∞
0
(wxx(x + εϕ)(1 + εϕx)2 + wx(x + εϕ)εϕxx)2
(1 + (wx(x + εϕ)(1 + εϕx))2)5/2
dx
+ q
∫ ∞
0
w(x + εϕ)− f dx−
∫ ∞
0
w(x + εϕ)− f dμ. (3.17)
Differentiating the above with respect to ε and evaluating at ε = 0, we derive the weak
form of a second stationarity condition, this time with respect to horizontal or inner
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perturbations,
∫ ∞
0
B
[
wxwxx
(1 + w2x)5/2
ϕxx +
(
2w2xx
(1 + w2x)5/2
− 5
2
w2xw
2
xx
(1 + w2x)7/2
)
ϕx
]
dx
+
∫ ∞
0
B
(
wxxwxxx
(1 + w2x)5/2
− 5
2
wxw
3
xx
(1 + w2x)7/2
)
ϕdx + q
∫ ∞
0
wxϕ dx =
∫ ∞
0
wxϕdμ. (3.18)
Once again integrating by parts and imposing symmetry conditions, we derive a second
fourth order nonlinear differential equation
B
[
wxxxxwx
(1 + w2x)5/2
− 10wxxxwxxw
2
x
(1 + w2x)7/2
− 5
2
w3xxwx
(1 + w2x)7/2
+
35
2
w3xxw
3
x
(1 + w2x)9/2
]
+ (q − μ)wx = 0. (3.19)
We call the left-hand side of (3.19), the Hamiltonian. Note that equation (3.19) is
equal to (3.9) multiplied by wx. This is a well-known in Lagrangian and Hamiltonian
systems, and can be understood by remarking that the perturbed function wε can be
written to first order as w + ϕwx; therefore this inner perturbation corresponds, to the
first order additive (‘outer’) perturbation of ϕwx.
We also note there is a first integral of (3.19), given by
B
wxxxwx
(1 + w2x)5/2
− 5
2
B
w2xw
2
xx
(1 + w2x)7/2
− B
2
w2xx
(1 + w2x)5/2
+ qw − kqxH(x− `) = 0, (3.20)
and we find that the left-hand side of the expression is constant in x; and the fact that
it is zero follows from its value at x = 0 and (3.15).
3.4.2 Intrinsic representation
Equations (3.12) and (3.20) can be written in terms of intrinsic coordinates, character-
ized by the arc length s, measured from the point of symmetry x = 0, and the tangent
angle ψ with the horizontal. First we recall the relevant relations between the two
descriptions ( see section 3.2.1):
ψs = κ = wxx/(1 + w2x)
3/2, ds/dx = (1 + w2x)
1/2, (3.21)
cos ψ =
dx
ds
= 1/(1 + w2x)
1/2, sin ψ =
dw
ds
= wx/(1 + w2x)
1/2. (3.22)
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Then we rewrite the integrated Euler-Lagrange equation, (3.12), as
B
d
dx
[
wxx
(1 + w2x)3/2
]
+
[
1
2
B
w2xx
(1 + w2x)3
wx√
1 + w2x
+ qx
]
(1 + w2x)
= qxH(x− `)(1 + w2x),
and apply (3.21) and (3.22) to obtain
B
d
dx
[ψs] +
[
1
2
Bψ2s sin ψ + qx− qxH(x− `)
]
sec ψ
ds
dx
= 0,
which can also be written as
Bψss cos ψ +
1
2
Bψ2s sin ψ + qx = qxH(x− `). (3.23)
Similarly, the integral (3.16) may be represented as
1
2
Bψ2s cos ψ + q(x tan ψ − w) = 0. (3.24)
Following a similar process, the Hamiltonian (3.20) can be rearranged to
wx
(1 + w2x)
d
dx
[
wxx
(1 + w2x)
3
2
]
− 1
2
B
w2xx
(1 + w2x)3
1
(1 + wx)
1
2
+ qw = kqxH(x− `).
In intrinsic coordinates this gives the expression
Bψss sin ψ − 12Bψ
2
s cos ψ + qw = kqxH(x− `). (3.25)
By multiplying (3.23) by cos ψ and (3.25) by sin ψ, they can be combined to give
Bψss + qx cos ψ + qw sin ψ = qxH(x− `)(cos ψ + k sin ψ).
We note that for x ≥ `, tan ψ = k; therefore cos ψ + k sin ψ = sec ψ and it follows that
Bψss + qx cos ψ + qw sin ψ = qxH(x− `) sec ψ. (3.26)
3.4.3 Physical interpretation in terms of force balance
The combination of cartesian and intrinsic coordinates allows us to identify terms of
(3.23) and (3.25) with their physical counterparts. Figure 3-10 demonstrates the forces
acting on a section of the beam, from s = 0 to s = s, together with a conveniently
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chosen area of pressurized matter. Note that force balances are calculated for the solid
object consisting of the beam and the roughly triangular body of pressurized matter
(indicated by the hatching); this set-up allows us to identify the total horizontal and
vertical pressure, exerted by q, as qx and q(w(x)− w(0)).
q x
x
s
PF
M
q w(0)
BΛ
q (w − w(0))
δs
ψ
P + δP
F + δF
q
P
F
M
M + δM
Figure 3-10: Left: forces on a section of the beam with pressurized matter. Right: small
element.
The small element of the beam shown in Fig. 3-10 indicates how the well-known
relations from small-deflection beam theory between lateral load q, shear force F , and
bending moment M ,
dF = q ds and dM = Fds,
extend into large deflections. We now use these expressions to identify the terms
of (3.23) and (3.25).
The equilibrium equation (3.9) was obtained by additively perturbing w, i.e. by
replacing w by w + εϕ. This corresponds to a vertical displacement, which suggests
that (3.9) can be interpreted as a balance of vertical load per unit of length. The
integrated version (3.12) indeed describes a balance of the total vertical load on the
rod from s = 0 to s = s (i.e. the total vertical load on the setup in Fig. 3-10) as we
now show.
We write equation (3.12) in the intrinsic-variable version (3.23) as
shear force F︷ ︸︸ ︷
(Bψs)s cos ψ︸ ︷︷ ︸
vertical component of F
+
axial load P︷ ︸︸ ︷
1
2
Bψ2s sin ψ︸ ︷︷ ︸
vertical component of P
+ qx︸︷︷︸
total vertical
pressure
= qxH(x− `)︸ ︷︷ ︸
total vertical
contact force
.
Since by definition M = Bψs, the term Bψss = (Bψs)s is the normal shear force F ,
and the first term above is its vertical component. The term qx is the total vertical
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load exerted by the pressure q between s = 0 and s = s (see Fig. 3-10), and qxH(x− `)
is the vertical component of the contact force. Finally, the only remaining force with
a non-zero vertical component is the axial force P at x, which can be interpreted as a
Lagrange multiplier associated with the inextensibility of the beam. This suggests the
interpretation of the only remaining term in the equation as the vertical component of
P , implying that we can identify P as
P =
1
2
Bψ2s . (3.27)
We can do a similar analysis of the Hamiltonian equation (3.19). Since this equa-
tion has been obtained by perturbation in the horizontal direction, we expect that
integration in space gives an equation of balance of horizontal loads. In the same way
we write the integrated equation (3.20) in intrinsic coordinates (see (3.25)) as
(Bψs)s sin ψ︸ ︷︷ ︸
horizontal
component of F
− 1
2
Bψ2s cos ψ︸ ︷︷ ︸
horizontal component of P
+ q(w − w(0))︸ ︷︷ ︸
total horizontal
pressure
+ qw(0)︸ ︷︷ ︸
horizontal load
at s = 0
= kqxH(x− `)︸ ︷︷ ︸
total horizontal
contact force
.
Then we can similarly identify the first two terms as the horizontal components of
the shear force and the axial load, while the last term is the horizontal component
of the contact force. The remaining two terms are the horizontal component of the
pressure q and the axial force at s = 0; the fact that this latter equals qw(0) is consistent
with (3.27) when one takes (3.15) into account.
Note that the axial load P of (3.27), falling from a maximum compressive value at
the centre of the beam to zero at the point of support, appears as a nonlinear term
dependent on the bending stiffness B. Such terms are not normally expected in beam
theory where, unlike two-dimensional plates and shells, bending and axial energy terms
are usually fully uncoupled.
3.5 The existence and uniqueness of solutions of the Euler-
Lagrange equation
The Kuhn-Tucker theorem only provides a necessary condition for a minimiser; it
provides no information about existence (although previously shown, Theorem 3.8),
uniqueness or stability of the solutions. We now develop a shooting argument that
proves both the existence and uniqueness of the free-boundary problem. This shooting
method also motivates a numerical algorithm in Section 3.7.
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Theorem 3.12. Given q > 0, B > 0, and k > 0, there exists a function w and a scalar
` > 0 that solve the free-boundary problem of Theorem 3.11.
Proof. We consider the ODE (3.22) as an initial value problem with ψ(0) = 0 and
ψs(0) = Λ, a free parameter. Additionally, since minimisers w are convex (Theo-
rem 3.4), we take Λ > 0. Here w is coupled to ψ by (3.22), and without loss of gener-
ality w(0) = 0, since (3.26) depends only on derivatives of w and not w itself. We note
that (3.22) is a hybrid of intrinsic and cartesian coordinates, where x(s) =
∫ s
0 cos ψ ds
′.
In this case since wx is bounded, the two coordinate frameworks have a one to one
relationship. For small s > 0 we have ψ ∈ (0, π/2), and therefore
ψs = Λ−
∫ s
0
[
q
B
sec(ψ(s′))x(s′) +
1
2
(ψs(s′))2 tan ψ(s′)
]
ds′
< Λ−
∫ x(s)
0
q
B
sec2(ψ(s′))x′dx′ < Λ− q
2B
x2.
Hence, for all Λ > 0 there is a point at x = `(Λ) <
√
2BΛ/q at which ψs = 0 and
therefore wxx(`) = 0. From (3.14) we deduce that
1
2
Bψ2s cos ψ + q(x tan ψ − w) =
1
2
BΛ2 − qw(0). (3.28)
Therefore at x = ` we have
1
2
BΛ2 + q(w − w(0)) = qxwx,
and since q(w − w(0)) > 0 at x = `, and x = ` < √2BΛ/q, it follows that√
B
q
(
1
2
Λ
)3/2
< wx(`).
Now, consider the case of small Λ, so that wx is also small. To the leading order (3.12)
becomes
wxxx +
q
B
x = 0, w(0) = wx(0) = 0, wxx(0) = Λ,
so that
wxx = Λ− q2Bx
2, and wx = Λx− q6Bx
3.
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This implies that if Λ is sufficiently small, then
wx =
2
3
Λ
√
2B
q
Λ < k,
and conversely if Λ is sufficiently large, then
wx(`) >
√
q
B
(
1
2
Λ
)3/2
> k.
Hence, by continuous dependence of the solution w on Λ, there is a value of Λ and a
value of ` for which wx(`) = k and wxx(`) = 0. If we now translate the function w by
adding the constant k` − w(`) > 0, then the resulting function w fulfils the assertion
of the theorem.
We now show that this solution is in fact unique.
Theorem 3.13. The solution of the free-boundary problem of Theorem 3.11 is unique.
Proof. The proof uses a monotonicity argument. Let ψ(x, Λ) be a solution of (3.26)
(written as a function of x) with ψs(0) = ψx(0) = Λ > 0. Let Λ1 < Λ2; for small x,
ψ(x, Λ1) < ψ(x, Λ2). Let
xˆ := sup{x > 0 : ψ(x, Λ1) < ψ(x, Λ2)} > 0.
Since w(x)− w(0) = ∫ x0 tan ψ dx′ it follows that
w(x, Λ1)− w(0, Λ1) < w(x, Λ2)− w(0, Λ2), for all 0 < x ≤ xˆ. (3.29)
Rewriting (3.14) in terms of ψx gives
ψx = ψs
ds
dx
=
wxx
1 + w2x
=
√
2
B cos ψ
[
1
2
BΛ2 + q(w − w(0))− qx tan ψ
]
.
Using (3.29) we deduce that for all 0 < x ≤ xˆ, ψx(x, Λ1) < ψx(x, Λ2), which implies
that xˆ = ∞.
Now assume two different solutions ψ(x, Λ1) and ψ(x, Λ2) exist, with associated
points of contact `1 and `2, such that ψ(`1, Λ1) = ψ(`2, Λ2) = arctan k. Since we
have shown that ψ(xˆ, Λ2) > ψ(xˆ, Λ1), it follows that `2 < `1 (see Fig. 3-11). Since
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Using (4.1) we deduce that for all 0 < x ≤ xˆ, ψx(x,Λ1) < ψx(x,Λ2), which implies
that xˆ =∞.
Now assume that there exist two different solutions ψ(x,Λ1) and ψ(x,Λ2), with
associated points of contact `1 and `2 such that ψ(`1,Λ1) = ψ(`2,Λ2) = arctan k.
Since we have shown that ψ(xˆ,Λ2) > ψ(xˆ,Λ1), it follows that `2 < `1 (see Fig. 4.1).
Since 0 < wx(x,Λ1) < k for all 0 < x < `1, we have
w(`1,Λ1)− w(`2,Λ1) < k(`1 − `2). (4.2)
Evaluating (3.6) at the free boundary for the solutions ψ( ∙ ,Λi) and the corresponding
x
arctan k
ψ
`2 `1
ψ(x,Λ1)
ψ(x,Λ2)
Fig. 4.1. T h e d i ag r am s h o w s th e m o n o to n i c i ty ar g u m en t u s ed to p r o v e u n i q u en es s . I f
ψ ( `1, λ1 ) = ψ ( `2, λ2 ) = a r c t a n k an d ψ ( x, Λ 2 ) > ψ ( x, Λ 1 ) f o r all x > 0 , th en `2 < `1.
functions wi = w(∙,Λi) gives
q (wi(`i)− wi(0) + 12 B Λ
2
i = q k`i, i = 1, 2.
W riting the difference as
q
[
(w2(`2)− w2(0))− (w1(`2)− w1(0))
]
+
B
2
(Λ22 − Λ21)
+ q
[
k(`1 − `2)− (w1(`1)− w1(`2))
]
= 0,
we observe from (4.1) and (4.2) that the left- hand side is strictly positive. T his
contradicts the assumption of multiple solutions.
5. Scaling Laws. W e now see how the solutions of Section 4 can be written
as a one- parameter group parameteriz ed by q / B . L et `( q , B , k) be the length of the
non- contact set Γ (w) of the solution w for that q , B , and k, as defi ned in Section 4.
T h e o r e m 5 .1. Given k > 0, there exists a constant β = β (k) > 0 such that for
all q > 0 and B > 0,
`( q , B , k) = β
( q
B
) −1 / 3
. (5 .1)
Figure 3-11: The diagram shows the monotonicity argument used to prove uniqueness. If
ψ(`1, λ1) = ψ(`2, λ2) = arctan k and ψ(x, Λ2) > ψ(x, Λ1) for all x > 0, then `2 < `1.
0 < wx(x, Λ1) < k for all 0 < x < `1, we have
w(`1, Λ1)− w(`2, Λ1) < k(`1 − `2). (3.30)
Evaluating (3.28) at the free boundary for the solutions ψ( ∙ , Λi) and the corresponding
functions wi = w(∙, Λi) gives
q(wi(`i)− wi(0)) + 12BΛ
2
i = qk`i, i = 1, 2.
Writing the difference as
q
[
(w2(`2)− w2(0))− (w1(`2)− w1(0))
]
+
B
2
(Λ22 − Λ21)
+ q
[
k(`1 − `2)− (w1(`1)− w1(`2))
]
= 0,
we observe from (3.29) and (3.30) that the left-hand side is strictly positive. This
contradicts the assumption of multiple solutions.
3.6 Scaling laws
We now see how the solutions of Section 3.5 can be written as a one-parameter group
parameterised by q/B. Let `(q,B, k) be the length of the non-contact set Γ(w) of the
solution w for that q, B, and k, as defined in Section 3.5.
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Theorem 3.14. Given k > 0, there exists a constant β = β(k) > 0 such that for all
q > 0 and B > 0,
`(q,B, k) = β
( q
B
)−1/3
. (3.31)
Proof. If we let x =: λy, w =: λu, and ` =: λβ, then the system (3.12) on (0, `) rescales
to
uyyy
(1 + u2y)5/2
− 5
2
u2yyuy
(1 + u2y)7/2
+ λ3
q
B
y = 0 on (0, β). (3.32)
By choosing λ such that λ3q/B = 1, the problem reduces to that of finding w and β
such that
uyyy
(1 + u2y)5/2
− 5
2
B
u2yyuy
(1 + u2y)7/2
+ y = 0, uy(0) = 0, uy(β) = k, and uyy(β) = 0.
Theorems 3.12 and 3.13 prove that for each k > 0 there exists a unique pair (β, u) that
solve (3.32). Transforming back, (3.31) follows.
Since wxxx(`) = − qB (1 + k2)5/2` (see (3.13)), it follows that
Corollary 3.15. The shear force wxxx(`−) satisfies
wxxx[q,B, k](`−) = − β(1 + k2)5/2
( q
B
)2/3
.
As an extra note, to observe these scaling laws, the differential equation does not
have to be calculated. We observe the energy is invariant under the scaling transfor-
mation x → Lx, w → Lw and (q/B) → L−3(q/B) for any L > 0. This implies the
same scaling as above. It is interesting that the behaviour of this system, i.e. there is
a unique convex, symmetry minimiser which forms a one-parameter group described
by a suitable similarity solution, can be found by only considering the energy function
and not deriving the Euler-Lagrange equation.
3.7 Numerical results
Here we provide some numerical results to support the analytical results seen in the
previous section. The shooting method of the previous section suggests a numerical
algorithm, by reducing the boundary value problem to an initial value problem, and
shooting from the free boundary with the unknown parameter `. A one parameter
search routine was made using matlab’s built-in function fminsearch, which is an
unconstrained nonlinear optimization package that relies on a modified version of the
Nelder-Mead simplex method [67].
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Figure 3-12: Solution profiles for fixed q = 1, B = 1 and for increasing values of k.
Finding global minimizers in an unknown energy landscape can lead to an unstable
routine; however in this case the linearized version of (3.9) admits an analytic solu-
tion which provides a sufficiently accurate initial guess. Over the non-contact region
equation (3.9) linearizes to
wxxxx +
q
B
= 0. (3.33)
Integrating (3.33) and applying the boundary conditions at the free boundary x = `
gives the solution
w = − 1
24
q
B
x4 +
1
2
Λx2 + w(0),
with the closed-form solution for ` =
(
1
3kq/B
)− 1
3 . Fig. 3-12 shows examples of solution
profiles obtained in this manner. For fixed k, the parameters ` and wxxx(`−) = −q`
can be calculated numerically for varying values of q/B, and the results are shown in
Figs. 3-13 and 3-14. For fixed B, increasing q decreases the size of the delamination, yet
increases the vertical component of shear at delamination, Bwxxx(`−). Numerically
fitting these curves to a function of the form β
( q
B
)α, we see that the results agree with
the scaling laws found in the previous section, so that
` = β
( q
B
)−1/3
, wxxx(`−) = −(1 + k2)5/2β
( q
B
)2/3
.
Finally, Fig. 3-15 illustrates the dependence of β on k.
3.8 Concluding Remarks
This chapter presents a simple mechanical model, and demonstrates how work done in
bending and against overburden pressure can be balanced to accommodate for the tight
geometry. In the limit of infinite overburden pressures, profiles form straight limbs and
sharp corners. The model also gives insight into the relationship between material and
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Figure 3-13: Numerical results supporting the scaling laws found for ` in Section 3.6, results
are shown for a fixed value of k = 0.75, * symbols show results found numerically for ` against
q
B , the line plots β
(
q
B
)−1/3.
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Figure 3-14: Numerical results supporting the scaling laws found for wxxx(`−) in Section 3.6,
results are shown for a fixed value of k = 0.75, * symbols show results found numerically for
wxxx(`−) against qB , the line plots − β(1+k2)5/2
(
q
B
)2/3.
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Figure 3-15: β(k) versus k, for q = 1 and B = 1. The graphs shows that there is a slope of
the limbs which gives you a maximal horizontal size of the void; this is a consequence of simple
triangular geometry.
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loading parameters on one hand, and the geometry and length scales of the resulting
folds on the other.
Although this chapter has a notable mathematical slant, it provides much of the
basis for the remaining chapters. While obstacle problems are often cast as variational
inequalities [26], here we use the Kuhn-Tucker theorem for its suitability when inter-
preting the results physically. A key result is the observation that the force balance for
the system can be derived by choosing the direction in which the energy functional V is
perturbed. This highlights the connection between mathematical variational methods,
the engineering concept of virtual work, and ideas of duality. This method becomes
essential in the next chapter, where convoluted solutions are only attainable if equilib-
rium equations are solved normal to the layer. These can be derived by combining the
Euler-Lagrange and Hamiltonian equations.
One may ask, why not just start by constructing a force balance, rather than taking
this more mathematical approach? Firstly the energy based method allows us to show
various important properties of energy minimizers, convexity, symmetry and existence.
However, most importantly there is a term in the force balance, the variable axial
component Bψ2s , which is not obvious from a simple physical understanding of the
problem.
The model is highly simplified, and many modifications and generalizations can
be envisaged. An important assumption is the linear elasticity of the material, and
there are good reasons to consider other material properties of the layers. However, we
believe the more interesting questions lie in other directions.
One such question is the role of friction between the layers, which has been shown
to be essential in other models of multilayer folding [9, 8, 2, 17, 5]. Since the normal
stress between the layers changes over the course of its evolution, the introduction of
friction will necessarily introduce history dependence. In this case other factors will
also influence the behaviour, such as the length of the limbs, which determines the total
force necessary for inter-layer slip.
Alternatively the rigid, fixed, obstacle can be replaced by a stack of other layers, i.e.
by combining the multi-layer setup of [5] with the elasticity properties of this chapter.
By stacking identical elastic layers an elementary geometric argument suggests that
reduction of total void space could force such a stack into a similar straight-limb,
sharp-corner configuration.
Both of these two aspects are now addressed in the following two chapters.
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CHAPTER 4
ACCOMMODATION STRUCTURES
4.1 Introduction
In viewing exposed escarpments of sandstone in Bude for example, it becomes clear
that the layers in sedimentary bedding are not of equal thickness, Fig. 4-1. Some layers
may be twenty times thicker than others. It is noted that the bending stiffness of an
Figure 4-1: Exposed escarpment of sandstone folds in Bude, Cornwall. This fold shows the
variation in thickness of layers, and at the centre less-competent layers are forced into the
overall geometry and produce a multitude of accommodation structures.
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Figure 4-2: Left: Accommodation thrust in the hinge of a fold, Millook, North Cornwall
Right: The formation of a second order folds in the hinge region of a multilayered buckle,
North Wales. Both photographs from [75], courtesy of J. Cosgrove.
elastic layer to buckling is proportional to the cube of its thickness; therefore these thick
layers have a 8,000 times greater bending stiffness than their neighbour. Such layers
are termed control units or competent layers. The buckling behaviour of such layers
strongly influences the overall deformation of the full multilayered structure, whereas
the less competent layers are forced to accommodate into the geometry imposed.
Ramsay [79] terms such structures, accommodation structures. Simple convex voids,
like those seen in chapter 3, may form if the layers accommodate extra length by
slipping over their limbs. However in environments of high inter-layer friction, extra
axial compression may cause various other structures to form, such as accommodation
thrusts Fig. 4-2 (left), keel-like hinges [75, pp. 322], and higher order localized buckles
(Fig. 4-2 (right)). In this chapter we are particularly interested in the high order
localized buckles as seen in Fig. 4-2.
The previous chapter models the behaviour of an elastic layer forced by a constant
overburden pressure into a simplified V-shaped geometry, where the layer is free to slip
on its limbs. Constrained energy minimization shows that such minimizers are convex,
symmetric and unique (see section 3.3.1). Since the model gives only convex solutions
we see that pressure, by itself, cannot initiate the formation of such higher-order folds.
Any valid model must therefore embrace not only the complex topological effects of
layers fitting together, but also those of slip relative to each other [37, pp. 167-168].
In the inevitable presence of friction, axial loads and/or corresponding constraints
hence become part of the story, in the formation of such convoluted accommodation
structures. Here we extend the previous model in three ways. Firstly we replace the
infinite fixed boundary f , with a finite length stiff plastic knee joint; this plays the
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role of the competent layer. Secondly, we introduce a linear elastic spring which resists
relative slip between the knee joint and the elastic layer. Finally we introduce the
effects of an overall horizontal axial load P . The new model is shown in Fig. 4-3 and
described fully below.
4.2 The model
The competent layer comprises two rigid bars of length L/2, hinged by a plastic ro-
tational spring with the static response shown in the inset of Fig. 4-3. No rotation
can take place at the hinge until the moment in the spring reaches the finite plastic
moment Mp, whereupon it rotates doing work against this resistive moment. A weaker
accommodating beam of bending stiffness B is pinned to it at each end, where an
in-line spring of stiffness k2 , deforming by an amount Q, resists relative slip between
the components. The accommodating structure is allowed to buckle, as seen at the
bottom right, with displacements described by the angle ψ(s) where s measures the
arc length from the centre of the fold. The system is loaded horizontally by a load P
with a corresponding total end shortening Δ. There is a further spring k1 parallel to
the load, which provides a finite pre-buckled stiffness. The whole system is placed in
a bath of constant pressure, so that the accommodating layer does work in creating
voids.
We define the set ξ = [−(L/2) cos θ, (L/2) cos θ] as the set over which u is defined,
as well as the contact set Γ = {x : u(x) = f(x)} and its complement the non-contact
or voiding set Γc. Throughout this work we restrict ourselves to considering convex
and non-convex solutions of u, which are symmetric and have a single interval non-
contact set. This simplifies the analysis initially; however we note that minimising
solutions may be asymmetric or have multiple contact sets. We define the parameter
` = inf{x > 0 : u(x) = f(x)} as the size of the void.
The setup and parameters discussed in this model are summarised in Fig. 4-3.
4.3 Total potential energy functional, V
The potential energy stored in the inline spring UIS , the plastic rotational spring UKJ ,
and the two axial springs UA, follow from standard elasticity and plasticity theories
and simple geometric arguments, so that
UIS =
1
2
k1(Δ− L(1− cos θ))2, UKJ = 2Mpθ and UA = k2Q2.
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Figure 4-3: This figure shows the set up of the model and parameters discussed in this chapter.
The solution profile demonstrates a typical up-buckled solution.
The elastic layer does work in bending, UB (see in section 3.2.1) and work against
overburden pressure
UB =
1
2
B
∫
ξ
u2xx
(1 + u2x)5/2
dx and UV = q
∫
ξ
(u− f) dx. (4.1)
We assume the elastic beam is inextensible. This imposes a length condition on the
solution u, which in turn implies compression or extension, Q, of the axial springs.
Therefore the inextensibility condition can be written as
J (u) =
∫
ξ
√
1 + u2x dx− L = Q. (4.2)
The elastic layer is under hard unilateral constraint from the hinge; therefore the
contact condition u ≥ f , is imposed.
The total potential energy for the system is the sum of all contributing poten-
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tial energies derived above, minus the work done by the load in end shortening, PΔ,
therefore
V (u, Δ, θ,Q) =
1
2
k1(Δ− L(1− cos θ))2 + 2Mpθ + k2Q2 + W (u, θ,Q)− PΔ. (4.3)
Here W (u, θ,Q) defines the potential energy functional of the layer u, given by
W (u, θ,Q) =
1
2
B
∫
ξ
u2xx
(1 + u2x)5/2
dx + q
∫
ξ
(u− f) dx, (4.4)
which is constrained by the contact condition u ≥ f and the inextensibility con-
straint (4.2).
4.4 Equilibrium solutions
A series of equilibrium equations are derived by finding stationary conditions for the
potential energy with respect to perturbations of Δ, θ,Q and u.
4.4.1 Stationarity with respect to Δ and θ
Two equilibrium equations are derived by considering stationarity of V with respect to
Δ and θ, i.e.
∂V
∂Δ
= k1(Δ− L(1− cos θ))− P = 0, (4.5)
and
∂V
∂θ
= −Lk1(Δ− L(1− cos θ)) sin θ + 2Mp + ∂W
∂θ
. (4.6)
Solving these two equations simultaneously provides two solution paths. Firstly the
trivial solution for which θ = 0,
P = k1Δ (4.7)
and secondly various non-trivial equilibrium solutions (θ 6= 0)
P =
1
L sin θ
(
2Mp +
∂W
∂θ
)
. (4.8)
4.4.2 The Euler-Lagrange and Hamiltonian equations
As in chapter 3, we now apply Kuhn-Tucker theory [68, pp.249] and standard Lagrange
multiplier theory [68], to derive the Euler-Lagrange and Hamiltonian equations. These
are necessary conditions for stationary solutions of W with respect to perturbations of
u, subject to the contact constraint u ≥ f and the inextensibility constraint J (u) = Q.
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There exists a dual element z∗ and a Lagrange multiplier λ ∈ R, such that
L(u) = W (u)− 〈u− f, z∗〉 − λJ (u) (4.9)
is stationary at u, and the complementary condition 〈u − f, z∗〉 = ∫ξ(u − f) dμ = 0
holds.
Following the approach set out in chapter 3, stationarity with respect to vertical per-
turbations, u(x) → u(x)+εϕ(x) for some small constant ε and suitable function ϕ, leads
to a weak form of the Euler-Lagrange equation. We note that the Lagrangian (4.9),
is the same as in the previous chapter (see equation (3.3)) except for the final term.
We therefore now consider only perturbations of this extra term, i.e. perturbations of
J (u), are given by
J (u + εϕ) =
∫
ξ
√
1 + (ux + εϕ2x) dx− L. (4.10)
Differentiating with respect to ε and setting ε to zero yields
∂J
∂ε
=
∫
ξ
ux√
1 + u2x
dx.
Therefore from (3.8) it follows that the weak form of the Euler-Lagrange equation is
now∫
ξ
[
B
uxx
(1 + u2x)5/2
ϕxx − 52B
u2xxux
(1 + u2x)7/2
ϕx − λ
∫
ξ
ux√
1 + u2x
+ qϕ
]
dx =
∫ ∞
0
ϕdμ.
(4.11)
Following a similar boot-strapping argument to chapter 3 (see appendix A.1), minimizer
u ∈ C∞(Γc) ∩ C2(ξ). Therefore by applying the symmetric boundary conditions
u(0) = 0, ux(0) = 0, uxx(0) = Λ and uxxx(0) = 0,
the free boundary conditions
u(`) = ` tan ϕ, ux(`) = tan ϕ and uxx(`) = 0,
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and integrating by parts, a fourth order nonlinear differential equation is derived
B
[
uxxxx
(1 + u2x)5/2
− 10 uxuxxuxxx
(1 + u2x)7/2
− 5
2
u3xx
(1 + u2x)7/2
+
35
2
u3xxu
2
x
(1 + u2x)9/2
]
+
+ λ
[
uxx
(1 + u2x)1/2
− u
2
xuxx
(1 + u2x)3/2
]
+ q = μ. (4.12)
There is also a first integral of this equation,
B
[
uxxx
(1 + u2x)5/2
− 5
2
uxuxx
(1 + u2x)7/2
]
+ λ
ux
(1 + u2x)1/2
+ qx = αδ`. (4.13)
Equally, following the same process as the previous chapter, we derive the Hamiltonian
for the system (see section 3.4) by finding the stationary solution of (4.9) with respect
to horizontal perturbations, i.e. u(x) → u(x + εϕ). This yields a second fourth order
nonlinear differential equation,
B
[
uxxxxux
(1 + u2x)5/2
− 10 u
2
xuxxuxxx
(1 + u2x)7/2
− 5
2
u3xxux
(1 + u2x)7/2
+
35
2
u3xxu
3
x
(1 + u2x)9/2
]
+
+ λ
[
uxxux
(1 + u2x)1/2
− u
3
xuxx
(1 + u2x)3/2
]
+ qux = μux, (4.14)
which describes the horizontal force balance on the beam. This also has a first integral,
given by
B
[
uxxxux
(1 + u2x)5/2
− 5
2
u2xu
2
xx
(1 + u2x)7/2
− 1
2
u2xx
(1 + u2x)5/2
]
−λ 1
(1 + u2x)1/2
+qux = qu(0)−12BΛ
2−λ.
(4.15)
4.4.3 Intrinsic representation
Equations (4.13) and (4.15) can be written in terms of intrinsic coordinates, character-
ized by the arc length s, measured from the point of symmetry, and the tangent angle
ψ with the horizontal. Recalling the relationship between both sets of coordinates in
section 3.4.2, (4.12) is rewritten as
B
d
dx
[
uxx
(1 + u2x)3/2
]
+
[[
1
2
B
u2xx
(1 + u2x)3
+ λ
]
ux√
1 + u2x
+ qx
]
(1 + u2x) = 0,
which is equivalent to
Bψss cos ψ + (
1
2
Bψ2s + λ) sin ψ + qx = 0. (4.16)
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Similarly we rewrite (4.14), so that
Bψss sin ψ − (12Bψ
2
s + λ) cos ψ + qu = qu(0)−
1
2
BΛ2 − λ. (4.17)
Multiplying (4.16) by cos ψ and (4.17) by sin ψ and adding together, yields the
equilibrium equation for u normal to the layer, given by
Bψss + qx cos ψ + qu sin ψ = (qu(0)− 12BΛ
2 − λ) sin ψ. (4.18)
Similarly multiplying (4.16) by sin ψ and (4.17) by cos ψ and subtracting, one obtains
an equilibrium equation for u parallel to the layer,
1
2
Bψ2s + λ + qx sin ψ − qu cos ψ = (λ +
1
2
BΛ2 − qu(0)) cos ψ. (4.19)
Substituting the free boundary condition at x = ` into the above we have the following
condition
1
2
Bψ2s + λ + q` sin θ − q` tan θ cos θ = (λ +
1
2
BΛ2 − qu(0)) cos θ, (4.20)
and rearranging for u(0)
u(0) =
1
q
(
(1− sec θ)λ + 1
2
BΛ2
)
. (4.21)
The condition now implies an extra fixed boundary condition at x = 0.
4.4.4 Stationarity with respect to Q
The condition for stationarity with respect to perturbations of Q, is obtained in a
similar manner, so that
∂V
∂Q
= 2k2Q +
∂W
∂Q
= 0. (4.22)
4.4.5 Physical interpretation of equilibrium equations
The equilibrium equations give conditions under which the energy V is stationary with
respect to perturbations or displacements of each of the free parameters Δ, θ, u and
Q. As observed in section 3.4 each of these equations describes the corresponding
force or moment balance for equilibrium with respect to displacements of each of these
parameters. Mathematically they represent the dual elements associated with each of
these free parameters, loads with displacements and moments with rotations.
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Firstly the equilibrium equation
P = k1(Δ− L(1− cos θ)),
describes the force balance associated with perturbations of Δ, and is interpreted as a
balance of the force exerted by the horizontal spring and in-plane force P . The second
equilibrium equation,
P =
1
L sin θ
(
2MP +
∂W
∂θ
)
,
gives the stationary condition with respect to rotational perturbations about the hinge
θ. Therefore it can be interpreted as the moment balance about the hinge. Additionally
∂W/∂θ is the contribution to the total moment made by the elastic beam. This obser-
vation is important, and simplifies some of the following analysis (see section 4.5.3).
The Euler-Lagrange equations and Hamiltonian equation describe force balances of
u vertically and horizontally respectively. As in section we can identify each term in
both of these equations as follows. Firstly for the Euler-Lagrange equation,
shear force F︷ ︸︸ ︷
(Bψs)s cos ψ︸ ︷︷ ︸
vertical component of shear force
+
axial load A︷ ︸︸ ︷
(
1
2
Bψ2s + λ) sin ψ︸ ︷︷ ︸
vertical component of A
+ qx︸︷︷︸
total vertical
pressure
= αδ`︸︷︷︸
vertical
contact force at delamination
,
and then for the Hamiltonian
(Bψs)s sin ψ︸ ︷︷ ︸
horizontal
component of F
− (1
2
Bψ2s + λ) cos ψ︸ ︷︷ ︸
horizontal component of A
+ q(u− u(0))︸ ︷︷ ︸
total horizontal
pressure
+
1
2
BΛ2 + λ︸ ︷︷ ︸
horizontal load
at s = 0
= α tan θδ`︸ ︷︷ ︸
horizontal contact
force at delamination
.
Finally the equilibrium equation for Q is,
∂W
∂Q
= −2k2Q.
Noting that Q is also written as a constraint equation on u, (4.2), it follows that the
above equilibrium equation is equivalent to
λ(Q) = −k2Q. (4.23)
This equation matches physical intuition. λ(Q) is the reactive load exerted down
the beam by each axial spring, where each spring delivers a force k2Q for a given
displacement Q.
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4.5 Numerical solutions
4.5.1 Shooting for stationary solutions u
We now obtain numerical solutions of u, for a range of values of θ and physical pa-
rameters k2, q and B. We note that for particularly convoluted solutions, ux becomes
infinite, which means such solutions are unattainable in a cartesian framework. This
problem is eliminated by solving the equilibrium equation normal to the layer (4.18).
This emphasises the importance of calculating both the Euler-Lagrange and Hamilto-
nian equations.
Numerical results can be obtained by reducing this free boundary problem to an
initial value shooting problem, and by rewriting (4.18) as a four-dimensional first order
system,
ψ
ψs
x
u

s
=

ψs
− qB x cos ψ − qB u sin ψ + 1B (12BΛ2 + λ− qu(0)) sin ψ
cos ψ
sin ψ
 . (4.24)
A suitable numerical integrator (e.g. ode45) can then be used to shoot from the
symmetric section
ψ(x = 0) = 0 ψs(x = 0) = Λ and u(0) =
1
q
(
(1− sec θ)λ + 1
2
BΛ2
)
, (4.25)
towards the free boundary at x = −` with boundary conditions
ψ(x = −`) = −θ, ψs(x = −`) = 0, and u = −` tan(θ). (4.26)
so that the length constraint (4.2) holds. Here u(0) is derived from the condition (4.21)
and Λ, ` and λ are free shooting parameters to be found numerically. A three dimen-
sional search routine was made by nesting MATLAB’s built-in function fminsearch.
This proves an efficient method given a moderate initial guess.
Several runs of this shooting method with different initial guesses demonstrates
a series of solutions attainable for this boundary value problem. A sample of these
solutions is shown in Fig. 4-4.
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Figure 4-4: The range of symmetric solutions attainable by solving the free boundary prob-
lem (4.24), (4.25) and (4.26) coupled with fixed values of q,B, θ, kIS and k2 = 1.
4.5.2 Plot of λ(Q) vs. Q
For fixed values of θ, we now calculate values of λ(Q) for a range of values of Q. We
note that there is a complete spectrum of solutions u attainable by numerical shooting
(see Fig. 4-4); however we now plot λ(Q) for the simple convex and the first order up
buckled profiles (Fig. 4-4 left and middle).
Figure 4-5, shows a plot of Q against λ(Q), for both these types of solutions, as well
as the straight line −k2Q. The points a, b and c indicates points where this straight line
intercepts λ(Q). At each of these points, u satisfies the equilibrium equation (4.23), i.e.
the load exerted by the spring matches the required axial load for that solution. The
smaller plots show the solution profiles at each of these positions. The dot-dash curve
in Fig. 4-5 gives λ for the up-buckled solutions, and for these value of k2 and θ the
straight line −k2(Q) intercepts λ(Q) twice. However, for lesser values of k2 we note that
the straight line and curve may not intercept, and for just one value of k2 the line and
curve meet at a single point, a limit point. Therefore there only exists an up-buckled
solution for which (4.23) holds for an upper range of values k2. Likewise, for a fixed
value of k2 up-buckled solutions do not exist for lower values of θ. This is demonstrated
in a sequence of pictures, Fig. 4-6, for fixed value k2 = 50 and θ = 0.2, 0.676 and 0.8;
the plot of λ against θ showing the curve of up-buckled solutions for which (4.23) holds.
In this case of a moderate value of k2 the limit point of this curve is approximately
θ = 0.67. We observe that as k2 increases or q and B decrease, this limiting value
decreases. There exists a limit value of θ for these types of solution, since the up-
buckled profiles require sufficient axial load λ to cause the buckle. Therefore a sufficient
value of k2, stiffness in the axial springs, is required.
We observe that physically the stiffness, k2, of the axial springs represents the
systems resistance to u slipping over its limbs, Q. Its geological counterpart would
be high inter-layer friction, and therefore the formation of convoluted accommodation
structures like those seen in Fig. 4-2, would be expected only if high levels of friction
were present.
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Figure 4-5: The main plot shows the relationship between Q and λ(Q), for simple convex
solution profiles (solid blue line) and the first order up buckled solution (dot-dash blue line).
Additionally the line −k2Q (red line) is plotted. Points a,b and c show the lines intersect with
λ(Q). At these points solutions satisfy the equilibrium condition (4.23). The inset plots show
solution profiles at these locations along the curve, as well as point d which shows a solution
close to self contact. Here the parameters q = B = k1 = tan θ = 1 and k2 = 50, are constant.
Additionally we draw attention to the plot Fig. 4-5 d. which demonstrates the limits
of the up-buckled solutions in this model. As this solution is tracked further the profiles
self-intersect, giving non-physical solutions. At this point, non-local self contact would
cause dramatic stiffening of the system, and the load λ would increase sharply. This
is not investigated further in this thesis, yet may offer some interesting research in the
future.
For each value of θ, a similar curve to Fig. 4-5 can be calculated, and the corre-
sponding equilibrium solutions u are recorded at points where λ(θ,Q) intersects −k2Q.
This process is now carried out for both the convex and the two branches of first order
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Figure 4-6: This figure shows plots of λ against Q and the line −k2Q for θ = 0.2(top left),
0.676 (top right) and 0.8. In all cases k2 = 50, q = B = k1 = 1. Equilibrium solutions
are at points where the line and curve intersect. We observe different cases of none, one or
two solutions. For these particular parameters, θ = 0.676 is the lower bound for up-buckled
solutions.
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Figure 4-7: A free body diagram showing the contributing moments and forces acting about
the hinge.
up-buckled solutions.
4.5.3 A moment balance, calculating ∂W/∂θ
It has been established that equation (4.8) gives a moment balance about the plastic
hinge. This provides an alternative method for calculating ∂W/∂θ by constructing a
moment balance for the system, rather than numerical integration to calculate W (θ)
and the subsequent numerical differentiation with respect to θ. Figure 4-7 shows the
moments acting about the hinge. The total moments in the anticlockwise direction are
given by,
PL sin θ +
1
2
qL2, (4.27)
where as moments in the clockwise direction are
2Mp + M2 + P2u(0) +
1
2
qL2 cos2 θ +
1
2
q(L sin θ + u(0))(L sin θ − u(0)), (4.28)
Comparing each of these forces and moments with the physical interpretation in sec-
tion 4.4.5, we note that P2 = 12BΛ
2 + λ and M2 = Bκ(x = 0) = BΛ; therefore it
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follows that
PL sin θ = 2Mp + BΛ +
(
1
2
BΛ2 + λ
)
u(0)− 1
2
qu(0)2. (4.29)
Comparing this moment balance with equation (4.8), we observe that
∂W
∂θ
= BΛ +
(
1
2
BΛ2 + λ
)
u(0)− 1
2
qu(0)2. (4.30)
We can now plot end-shortening Δ against load P , for the fundamental path and
non-trivial equilibrium solutions
P = k1Δ and P =
1
L sin θ
(
2MP +
∂W
∂θ
)
, (4.31)
respectively.
4.6 Overall system response
The differences between the convex and up-buckled equilibrium solutions can be seen
most clearly in plots of load P against end-shortening Δ. Examples of these are shown
in Fig. 4-8, which embrace all possible values of θ as the displacement evolves. Fig. 4-
8(a) shows the equilibrium paths for the convex shape of Fig. 4-4(a). Two possible
equilibrium states exist, the fundamental path seen as a red solid line where the arms
are completely aligned (θ = 0), and buckled path in the bent configuration (θ 6= 0)
shown as blue/dashed. With increasing P , θ → 0 in the buckled state and these paths
approach each other asymptotically, but never meet. As the load falls from this position,
θ grows, until at some positive value of load the path reverses direction and follows a
route with P increasing and θ continuing to grow. While falling the buckled path is
unstable, but under conditions of controlled end-shortening it would restabilize at the
point where Δ is a minimum. Thus the possibility arises of a dynamic jump at constant
Δ, from the fundamental state to the now-stable rising post-buckled path. To initiate
this an energy hump needs to be overcome, but at high loads this would be expected
to be relatively small. Because an elastic layer can only bend to finite curvature, to
adopt this deflected state there must be significant slip between the layers taken up by
the springs k2.
The equilibrium path for the up-buckled shape, shown in Fig. 4-8(b), is similar but
has important differences. In particular, although it is gets close to the fundamental
path over some of its length, this is only over a finite load range. The solution reaches
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Figure 4-8: Equilibrium paths for the model of Fig. 5-9, plotted for B = 0.1, k1 = 20, k2 =
200,Mp = 20, q = 1. (a) Convex profile: the buckled (blue/dashed) solution and the fundamental
(red/solid) paths approach each other asymptotically as P →∞ but never meet. (b) First-order
up-buckled profile: the buckled solution reaches a limit point (seen here as a cusp) at a finite
load value where the response separates into shapes with growing and diminishing void sizes.
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a limit load (seen here as a cusp) at the θmin, where it separates into the simple up-
buckled shape of Fig. 4-5(b) and its counterpart 4-5(c). The simple up-buckled shape
eventually restabilizes with increasing θ much like the convex mode, whereas the more
open configuration is on the way to contacting with itself and becoming the teardrop of
Fig. 4-5(d). Here the path is stopped before this state is reached, because the separation
has extended to the ends of the rigid arms.
It should be noted that, although the paths of Fig. 4-8(a) and (b) occupy the same
region of P−Δ space, they would in fact be far from each other in the full displacement
space, separated in particular by different values of Q. In the absence of any further
parametric variation such as a changeable imperfection there is, we think, no likelihood
of any bifurcation linking the two sets of paths.
4.6.1 Maxwell stability criterion
For load vs. corresponding deflection plots like those of Fig. 4-8, the total energy
stored in the system can be inferred from the area under the appropriate graph [93].
The schematic of Fig. 4-9 shows relevant areas for three possible equilibrium states
that can arise at a typical, constant, value of applied end-shortening Δ. Energy on the
fundamental path, at A, simply involves the triangular area shown in 4-9(b). Energy
at B adds to this the area E1 between the fundamental path and the high load/small
θ region of the buckled path (see 4-9(c)), and for the energy at C area E2 is similarly
subtracted, as 4-9(d). Note that, even when the paths approach asymptotically but
never meet as in Fig. 4-8(a), these areas can often be found by direct integration (see
for example [52]). E1 represents the input required to get over the energy hump at
B, while E2 is the difference between this maximum and C, which under constrained
end-shortening would be an energy minimum.
There is of course no bifurcation point on the fundamental path, and so A is an
energy minimum at all load values and therefore technically always stable. High loads
however, would push the system into a dangerous state of metastability; as P increases,
E1 becomes increasingly thin and shrinks in area. In such situations it is common to
adopt the Maxwell stability criterion [109, p. 53] where stability rests with the global
energy minimum rather than local minima. This marks out the Maxwell displacement
ΔM – the point at which the energy at A equals the energy at C – as a lower bound for
the point of buckling. For applied Δ < ΔM , the global energy minimum rests with the
fundamental equilibrium path: for Δ > ΔM it rests with the buckled state. Depending
perhaps on the amount of available energy from outside disturbances relative to the
size of the energy hump E1, this may or may not represent a good estimate of the
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Figure 4-9: (a) Typical form of load/displacement plot, P vs Δ. (b) Total energy at A. (c)
Total energy at B. (d) Total energy at C.
actual buckling load; it does however provide some kind of framework within which to
assess the buckling process, in the absence of any other ballpark estimate.
4.7 Parametric variations
The plots of Figs. 4-8 and 4-9 are of load P against corresponding deflection (end-
shortening Δ), and give a good overview of the system response in just two dimensions.
Whether P or Δ is chosen as the parameter to be controlled the same equilibrium
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curves are produced, although their stability is likely to depend on this choice [93].
Other parameters of the system could also be varied, and we now review the effect on
the system response of two such variations.
Consider for example the plots of Fig. 4-10, showing the response of the up-buckled
Mp = 125
Mp = 50
Mp = 5
Figure 4-10: Change to up-buckled response for different values of Mp. For each, q = 0.1, B =
0.5, k1 = 30, k2 = 200 and L = 5. Also θmin = 0.17 rad at the limiting (cusp) point in each
case.
shape of Fig. 4-4(b) at three different values at Mp. While the convex solution always
takes the same form whatever the chosen Mp value, this is clearly not the case here.
Focussing on the limit point (seen here as a cusp) where the load is locally a maximum
and θ = θmin, increasing Mp has the effect of significantly increasing its correspond-
ing load in comparison with the remainder of the response. We note that ∂W/∂θ of
equation (4.8) is independent of Mp, and therefore comes up with the same contribu-
tion whatever its chosen value; θmin is thus the same for all three cases. However, the
response for the higher values of Mp begins to look much more like that of the convex
shape than for low values; the relative energy hump to be overcome to initiate buck-
ling clearly drops as Mp is increased. We might therefore expect the Maxwell stability
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criterion to carry more relevance for high than for low values of Mp.
Much the same effect is found if k2 is changed, as shown in Fig 4-11. Again an
k2 = 200 k2 = 400
k2 = 800
θmin = 0.17 θmin = 0.112
θmin = 0.064
Figure 4-11: Change to up-buckled response for different values of k2. For each, q = 0.1, B =
0.5, k1 = 30,Mp = 5 and L = 5. Note that, unlike in Fig. 4-10, θmin reduces as k2 increases.
increase in k2 raises the load, but this time simultaneously reduces the value of θmin,
at the limit point. It also increases the tendency of the post-buckling curve to stiffen
more quickly, becoming almost parallel to the fundamental path as shown. Movement
in the k2 springs is a necessary component of the up-buckled shape, equivalent of slip
between the layers in the geological context, and as these springs stiffen up more work
is being done in them to accommodate the same shape. For a given θ, the higher the
value of k2 the more quickly a buckling load will develop in the accommodating beam
and hence the corresponding value of θmin is lowered.
4.8 Concluding remarks
This chapter presents a simplified structural model to describe the formation of con-
voluted accommodation structures in tight geometries that arise naturally in layered
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systems. It has been formulated specifically to highlight the important nonlinear ge-
ometric constraints imposed by the need for layers to fit together, and demonstrates
mechanisms by which less competent layers can accommodate such tight geometries
imposed by more competent layers.
We extend the previous chapter to include the more general formation of the V-
shaped singularity, as well as important effects of axial constraint. The pin joints at the
ends of the structure, along with the introduction of springs k2 and the inextensibility,
are useful simplifications but remain some way from reality. Relative slip is concen-
trated into a deflection Q at the ends of the beam rather than being spread out over a
finite, extensible, contact length as would be the case in more practical circumstances.
The situation is not unlike that of a straight long pipeline on a flat bed carrying hot
oil or gas, which can release heat-induced axial compression by up-buckling against
gravity over a finite length [49]. Lengths of pipe at each end outside the buckled region
stretch and slip along the bed to feed the buckle. In the absence of friction, these
so called active lengths could be infinitely long and feed ad infinitum into the buckle.
With realistic friction between the bed and the pipe this mechanism is restricted to
finite lengths, over which the drop in compressive load from the unbuckled to buckled
region is offset by friction from the bed. For pipelines these active lengths can be long
in comparison with the buckled length, but in the geological setting friction would be
expected to dominate and corresponding active lengths be relatively short. We note
that the inclusion of inter layer friction is important for future models for multilayered
structures; however it does offer a difficult challenge, because the normal contact forces
change as the response develops.
One parametric change not pursued here is that of pressure q. For the present
parameter values the teardrop shape of Fig. 4-5(d) never fully develops, as the separated
region grows to the full model length beforehand. However, with relative increases in q
this limitation may well disappear. Pressure forces acting normal to the surface of layer
should tend to reduce the separation length involved, and could perhaps even generate
tension in the accommodating beam. We leave this development for future work.
The work draws on a philosophy encouraged by Giles Hunt [44, 45], in choosing
wherever possible linear elastic constitutive laws to express material behaviour. Thus
a small element of the accommodating beam has linear bending stiffness B, and fric-
tional effects are modelled by linear elastic springs k2. The exception is the rigid-plastic
rotational spring Mp. This could have been taken as a stiff linear elastic spring; bifur-
cation at a high rather than infinite value of P would then occur, but the post-buckling
response remains much the same.
Linear constitutive laws may need replacing if good experimental comparisons are
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to be achieved, but they do have certain modelling advantages over more complex rhe-
ologies. First, they are usually more straightforward to analyse. But most importantly,
they highlight the roles that nonlinear geometry and the associated potential for many
alternative solutions can play in such systems. Modelling has sometimes failed in the
past not because of the formulation, nor necessarily the resulting governing equations,
but because of poor choice of solution. Extra criteria for selection are sometimes nec-
essary or useful. The buckling of the long axially compressed cylindrical shell gives a
good example of just such a circumstance.
Since nonlinear geometry is central the formulation, the system is capable of under-
going large deflections and rotations. Governing equations for the layer are derived in
both cartesian and intrinsic coordinates, the latter meaning that for convoluted profiles
as seen in Fig. 4-4, numerical solutions do not blowup. We recognise the purely elastic
assumptions are not realistic, but more complex rheological models likewise might be
subject to error. Real geological systems would involve an intricate balance of nonlinear
constitutive laws, strain history and temperature, pressure, chemical coupling etc. [38]
such that precise analysis would appear to be an impossible dream. Real progress is
made by a combination of modelling on many levels, with proper cross-fertilization of
ideas across all elements of the spectrum.
This model is most closely related to structural geology, but it does demonstrate sev-
eral fundamental features of nonlinear structural mechanics. This work can be identified
with various forms of failure in manufactured materials, for example mode interaction
in the buckling of sandwich structures [50] and local and global mode interactions in
I-beams under uniform bending [99], see Fig. 4-12. However, it has particular similari-
Figure 4-12: Buckling in the flange of an I-beam (student experiments at Imperial College,
London) and in localised buckling in sandwich structures (after [50])
ties to an area of particular interest, the delamination in carbon fibre composites [12].
Composite carbon fibre materials, although lightweight and strong in-plane, are highly
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susceptible to barely visible internal damage from low energy impacts. Researchers
wish to understand if such damaged geometries will buckle [62], whether delaminations
will propagate [82], and which fibre orientations provide the greater safety margin per
unit weight.
The model presented here has notable geometric similarities. However there is a
primary difference. In this model the void or delamination size is not known a priori; the
systems picks the length so that there is zero bending moment at separation. This is not
the case for a delaminated carbon fibre structures where the length is predetermined,
giving a non-zero bending moment at lift-off. A bending moment at lift-off gives the
tearing action or mode I failure. In contrast, cases where where the separation lengths
are not predetermined but choose themselves, as in this model, fractures form by a
slipping or shearing action, offering a different mode of failure (mode II).
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CHAPTER 5
MULTILAYERED FOLDING WITH
VOIDS
5.1 Straight limbs and sharp corners: a motivating model
The simplest of multilayered structures with voids can be constructed by replacing the
rigid, fixed, obstacle of chapter 3 by a stack of other identical layers. This combines the
multilayered set up of [5] with the elastic properties presented in chapters 3 and 4. A
Figure 5-1: Two different stacks of roofing tiles. The tiles on the left show straight limbs with
sharp cornered geometries fitting together with small voids, whereas gently curved profiles have
contact at two points and produce larger voids.
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first experiment in this direction is to stack vertically, identical copies of elastic layers.
This is rather like stacking a sequence of identical roofing tiles on top of each other.
Figure. 5-1 gives two examples of stacks of tiles of different shapes. This shows that
straight-limbed sharp-cornered folds fit together with only small voids, whereas curved
folds stack with large voids between them. If we consider relatively long layers and
an environment of high overburden pressure, intuitively profiles must adopt straight-
limbed sharp-cornered configurations. We now construct this experiment mathemati-
cally.
5.1.1 A simple multilayered model
We now construct a potential energy functional for a system of layers, stacked vertically
on top of each other, which deform identically. Consider a stack of N identical layers of
uniform thickness h and infinite length, held together by a uniform overburden pressure
q per unit length, and shortened by an axial load P . Extending the single layered setup
of Chapter 3, we make the assumption that each layer has straight limbs of angle ϕ
which are connected by a symmetric convex segment. The layers make contact with
the adjacent layers over the straight limbs (from the argument above), and therefore
we define the single interval non-contact set Γc = (−`, `) . The setup is summarized in
Fig. 5-2. The centreline of the ith layer is defined by the vertical displacement wi(x) =
w(x) + (i− 1)h sec θ, for i = 1, . . . N . The top and bottom boundaries of the ith layer
are wti(x) = wt(x) + (i− 1)h sec θ and wbi (x) = wb(x) + (i− 1)h sec θ, respectively. We
also introduce the obstacle constraint wti(x) ≤ wbi+1(x) for i = 1 to N − 1, so that
adjacent layers cannot interpenetrate. Throughout this next section a prime is used to
denote differentiation with respect to x, as well as subscript x.
Total potential energy functional
Since each layer is a vertical translation of a single layer, w(x), the bending energy UB
is therefore N times the bending energy of w,
UB =
1
2
BN
∫ ∞
−∞
w2xx
(1 + w2x)5/2
dx.
The overburden pressure acting on the layers is q per unit length, and therefore the
total work done against overburden pressure is q multiplied by the sum of all the voids
between the layers. Since N − 1 identical voids form between the layers, the total
potential energy is N − 1 times the area between the top of one layer and the bottom
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Figure 11: Multilayered setup. Here N layers are forced into a V-shaped boundary by an external
horizontal load P and pressure q.
3.3 Work done against overburden pressure
In experiments with paper, where voids occur there is clearly a subtle interplay between release
in overburden pressure in these areas, and some compensatory increase in internal strain energy
elsewhere. Rather than attempt to model this complex situation directly, we simply assume here
that the creation of all voids does work against a constant pressure q, regardless of position in
the sample. Further development is clearly necessary for application to experiments like that of
Fig. ??, but we leave this for future work.
The overburden pressure acting on the layers is q per unit length, and therefore the total work
done against overburden pressure is q multiplied by the sum of all voids between the layers, given
by
Uv = q
∫
ξ1
(w1 − f) dx+ q
N−1∑
i=1
∫
ξi
(wi+1b − wit) dx.
The first term gives the energy associated with the void formed between the bottom layer w1 and
the boundary f , and the second calculates the size of the voids between each of the remaining
layers. If q is large, Uv implies a severe energy penalty.
The fundamental assumption of engineering bending theory, that plane sections remain plane
and normal to the centreline, means the top and bottom boundaries of a layer can be calculated
parametrically by propagating the centerline forwards and backwards a distance h/2. In this
case it is necessary for the bottom of one layer, wi+1b , and the top of the next, w
i
t, to be defined
according to the common fixed coordinate system (x,w). At a given x we wish to calculate the
void between the ith and (i + 1)th layer, defined as vi(x) = wi+1b − wit. Figure ?? (a) shows
that wi+1b can be determined by propagating w
i+1 backwards from the point i), and wit(x) by
propagating wi forwards from ii). These centreline positions are not known a priori, but can be
reverse-engineered from the common position x by the first-order approximation
wib ≈ wi −
h
2
√
1 + (wix ) 2 w
i
t ≈ wi +
h
2
√
1 + (wix ) 2 . (8 )
Fig. ?? (b) demonstrates this approximation, where iii) and iv) are found by constructing right-
angle triangles. This is a thin-layer approximation, in which we assume that the layer is much
10
Figure 5-2: Multilayered setup with voids, here N layers are forced into a V-shaped boundary
by an external load P and a uniform overburden pressure q.
of the layer above. Therefore
UV = q(N − 1)
∫ ∞
−∞
(wb + h sec ψ − wt) dx.
The fundamental assumption of engineering bending theory, that plane sections
remain plane and normal to the centreline, means the top and bottom boundaries
of a layer can be calculated parametrically by propagating the centreline forwards
and backwards a distance h/2. In this case it is necessary for the bottom of one
layer, wbi+1, and the top of the next, w
t
i , to be defined according to the common fixed
coordinate system (x,w). At a giv n x we wish to calculate the void betwee the ith
and (i+1)th layer, defined as vi(x) = wbi+1−wti . Figure 5-3 (a) shows that wbi+1 can be
determined by propagating wi+1 backwards fro the point i), and wti(x) by propagating
wi forwards from ii). These centreline positions are not known a priori, but can be
reve se-engineered from the c mmon position x by the first-order approxim ion
b
i ≈ wi −
h
2
√
1 + (w′i)2 w
t
i ≈ wi +
h
2
√
1 + (w′i)2. (5.1)
Figure 5-3 (b) demonstrates this approximation, where iii) and iv) are found by con-
structing right-angle triangles. This is a thin-layer approximation, in which we assume
that the layer is much thinner than the radius of curvature of the layer. Whether that
is justified or not depends on the situation. We also note that the approximation is
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Figure 12: a) Boundary functions determined via front propagation. b) First-order approximation.
thinner than the radius of curvature of the layer. Whether that is justified or not depends on the
situation. We also note that the approximation is exact for straight segments, whereas for the
convex segment shown in Fig. ?? b), iii) is an underestimate and iv) an overestimate: and vice
versa for a concave segment. With this approximation the total energy in voiding becomes
Uv = q
∫
ξ1
(w1 − f) dx+ q
N−1∑
i=1
∫
ξi
[
wi+1 − h
2
√
1 + (wi+1x ) 2 − wi − h2
√
1 + (wix ) 2
]
dx.
3.4 Work done by load
I f we consider a constant axial load P acting on each layer of the multilayered stack , the total
work done by the load is the sum of the work done by the load in the shortening of each layer.
T herefore up to a constant the total work done by the load is,
U P = 2 P
N∑
i=1
Δ i = − P
√
1 + k 2
N∑
i=1
ξ i .
3.5 T ot al p ot ent i al energ y f u nc t i on
T he total potential energy for the complete system can be written as the sum of work done in
bending by each layer, total work done against overburden pressure in voiding, and work done on
11
Figure 5-3: a) Boundary functions determined via front propagation. b) First-order approxi-
mation.
exact for straight segments.
Since each void between the layers is identical, UV can be rewritten solely in terms
of w, so that
UV = q(N − )h
∫ ∞
−∞
(√
1 + k2 −
√
1 + w2x
)
dx.
If we consider a constant axial load P acting on each layer of the multilayered stack, the
total work done by the load is the sum of the work done by the load in the shortening
of each layer. Therefore up to a constant the total work done by the load is,
UP = 2PNΔ = 2PN
(
−`
√
1 + k2 +
L
2
(√
1 + k2 − 1)+ ∫ `
0
√
1 + w2x dx
)
. (5.2)
The total potential energy for the complete system can be written as the sum of work
done in bendi g by all layers, the total work don agai st ov rburden pressure in
voiding and the total work done by the load, so it follows:
V (w) =
1
2
BN
∫ ∞
−∞
w2xx
(1 + w2x)5/2
dx + q(N − 1)h
∫ ∞
−∞
(√
1 + k2 −
√
1 + w2x
)
dx− 2PNΔ.
(5.3)
subject to the contact constraint wt(x) ≥ wb(x)+h sec ψ. Minimisers of (5.3) solve the
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Euler-Lagrange equation over the non-contact region (−`, `), given by
BN
[
wxxxx
(1 + w2x)5/2
− 10wxwxxwxxx
(1 + w2x)7/2
− 5
2
w3xx
(1 + w2x)7/2
+
35
2
w3xxw
2
x
(1 + w2x)9/2
]
+ (q(N − 1)h + 2PN)
[
wxx
(1 + w2x)1/2
− w
2
xwxx
(1 + w2x)3/2
]
= 0. (5.4)
Solutions of the Euler-Lagrange equation
The numerical method outlined in chapter 3 can be used to solve (5.4). Additionally
the free boundary conditions are imposed by insisting continuity of w and wx and wxx
with the straight limbs, and fixed symmetric boundary conditions are considered at
x = 0, therefore
w(−`) = k`, wx(−`) = k, wxx(−`) = 0 and
wxxx(−`) = −(1 + k2)5/2 1
B
[
P
k√
1 + k2
+ q`
]
, (5.5)
and we can shoot towards the target symmetric section at x = 0 given by
wx(0) = 0 and wxxx(0) = 0. (5.6)
Figure 5-4 shows an example of solution profiles obtained by this numerical shooting
method, as well as the hinge zone of a chevron fold in a recent paper experiment.
We note that the results match physical intuition in that as overburden pressure q/B
increases the void size decreases, leaving in the limit deformations with straight limbs
and sharp corners. This is demonstrated in Fig. 5-5, which shows how the size of the
void varies with the slope of the limbs k and increasing values of q/B.
5.2 Periodic voiding solutions in a chevron fold.
Once again we return to the experiments on paper. Firstly we consider the experiment
shown in Fig. 5-6 in more depth. The test shown sequentially in Fig. 5-6 starts under
conditions similar to parallel folding [6], but evolves to a situation more like kink
banding [43]. Foam is used as a supporting medium. It is very soft and so at the onset
of loading the overburden pressure is small; therefore initially an Euler buckle appears
over one half wavelength. This is just apparent in the left-hand image of Fig. 5-
6. This long wavelength means that deflections into the foundation grow relatively
rapidly, and quickly bring the outer steel plates into play, substantially stiffening the
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Figure 5-4: Left: An example of solution profiles for fixed values k = 0.75, h = 0.02, load
P = 1, and overburden pressure q = 100. Right: A close up of the hinge zone of a chevron fold
in a recent paper experiment.
SELF-SIMILAR VOIDING SOLUTIONS OF A SINGLE LAYERED
MODEL OF FOLDING ROCKS
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Fig. 1.1. This figure shows the setup of the model discussed in this paper. An overburden
pressure q forces an elastic layer w into another layer f with a corner singularity. `+ and `− define
the first points of contact either side of the centre line. In this paper the layer is described both by
Cartesian coordinates ( x,w ) measured from the centre of the singularity, and intrinsic coordinates
characterised by arc length s and angle ψ.
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Figure 5-5: The relationship between void size against k, for increasing values of q/B. q/B =
1, 10, 100, h = 0.1 and N = 20.
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foundation. This strongly nonlinear effect both flattens the crest of the fold, and
instigates two outlying kink bands orientated across the sample at about 30o to the
transverse direction, seen most clearly in Fig. 5-6. Although these appear similar to
those seen in kink banding experiments [102] and Fig. 2-16, they are formed under
quite different circumstances.
When a kink band is orientated obliquely across the sample, as it displaces from its
undeflected (flat) state, the layers initially dilate within the band [43, 101]. Experiments
shown in Fig. 2-16, have used this property to select their angles of orientation across the
sample, such that maximum available dilation cancels the pre-compression induced by
the overburden pressure and friction is eliminated. They propagate across the sample
in this optimum configuration, in which work done against friction is minimised [101].
The same is not true for the system of Fig. 5-6. The development of the band
proceeds slowly from the onset of loading, and its orientation is not freely chosen but
imposed from the start, and dictated by factors such as sample length and overall
thickness (i.e. the Euler buckle). If the angle of orientation of the band is greater than
its optimum value, voids will result as seen here. We particularly note that although
the introduction of a black-edged sheet clearly helps to induce voids, they appear as a
periodic sequence every 5 black sheets, or about once every 125 layers, not every layer,
nor every black sheet.
In a similar experiment, Fig. 5-7, with a much stiffer surrounding foam, the folding
develops much more like kink banding, where bands develop sequentially at much
steeper angles. Here the process of voiding is not as clear. However, a magnified view
of the hinge region, Fig. 5-7, shows voids developing at every layer.
These two examples of periodic voiding patterns in the hinge regions of chevron folds
are intriguing, and lead to an interesting question. Using an energy based argument,
can we predict why under some conditions voids form regularly at every layer level,
whereas for others they repeat only over a large number of layers?
To study this periodic behaviour we define an m-periodic solution in a vertical
stack of layers, as one with a single void forming every m layers and the same pat-
tern repeating periodically; Fig. 5-6 demonstrates a 125-periodic solution for example,
whereas Fig. 5-7 is a 1-period solution. We present a simplified energy-based model for
an N -layered section of a large chevron fold comprising identical elastic layers, arranged
into an m-periodic stack (See Fig. 5-8). The geometry of the chevron fold is assumed
to have straight limbs at angle θ = tan−1 k, connected by a convex curved segment. A
uniform overburden pressure holds the layers together, while a compressive axial load
P acts to shorten each layer.
111
Figure 5-6: An experiment of layers of A6 paper constrained and loaded. The resulting
deformation shows the formation of voids, when the curvature becomes too high. We particularly
note the regular periodic nature of the voids (approximately every 125 layers).
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Figure 5-7: Shows a similar experiment to Fig. 5-6 but with a much stiffer constraining foam.
Only on close inspection are the formation of voids visible, where they produce a regular periodic
pattern between each layer.
5.2.1 The m-periodic model
We consider an N layered section of a larger chevron fold, characterised by identical
elastic layers of length L, uniform thickness h, elastic stiffness B and straight limbs of
angle θ to the horizontal, connected by a convex symmetric segment. The N layered
stack is arranged into an m-periodic solution, which is defined as a sequence of layers
stacked on top of each other, which repeats every mth layer, and only one void forming
per periodic repeat, as in Fig. 5-8.
The centreline or neutral axis of the ith layer from the bottom of an m-periodic
stack is defined by the vertical displacement ui(si), where si ∈ [−L/2, L/2] is the arc
length parameter of the ith layer, and si = 0 at the centre of the fold. The top and
bottom boundaries of the layer are labelled uit(s) and u
i
b(s). Additionally, the intrinsic
coordinates are characterised by (si, ψi), where ψi(si) is the angle the ith layer makes
with the horizontal. It also proves useful to define the fixed horizontal coordinate x.
Both representations have their uses; intrinsic coordinates give simpler equations, but
for multilayered problems they carry the added complication of a different coordinate
system for each layer. As shown in this section it also proves useful to switch freely
between the coordinate frames. We also note that since the assumption has been made
that the profiles are convex, there is a one to one relationship between x, si and ψi. The
contact set of a m-periodic structure is defined as the set Γ = {s : u1b(s1) = umt (sm) +
mh sec θ}, and its complement is the non-contact set Γc. If profiles are assumed to be
convex, the non-contact set is a single interval. The size of the void or non-contact set
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Figure 5-8: These diagrams show the section of the larger chevron fold considered in this
model. The m-periodic stack, in this example a 4 -periodic stack, is characterised by straight
limbs of angle θ to the horizontal, connected by a symmetric convex segment. A single void
occurs between each periodic repeat.
is chara terized by the free parameter ς=ς1 = inf{s > 0 : Γ}, with the corresponding
horizontal size `. Additionally we define the parameters ςi = inf{s > 0 : uib(si) = ui−1t },
for i = 2, . . . ,m. Finally the shortening of a layer from a flat state is defined by the
parameter Δi. The set up and parameters of the model are summarised in Fig. 5-9.
Throughout this work we make the assumption of parallel folding within each iden-
tical stack. Therefore, for layers in contact, their neutral axes have a constant normal
separation of distance h. Since by definition each layer within a single m-periodic
package is in contact, the precise deformation of each of the layers may be calculated
in terms of the outside layer u1. For example, the displacement of the ith layer, ui, is
calculated by propagating the layer u1 a distance ih upwards in its normal direction [5,
pp. 1451]. This technique is used through the remainder of this chapter, and means
the energy of an m-periodic stack may be written in terms of a single layer, u1. This
simplifies the variational analysis which follows.
We now construct a total potential energy functional for this system, by considering
the contributing energies in turn. Since the profile is assumed to be symmetric, we
derive the energy over half the m-periodic stack, from (0, ς).
5.2.2 Bending energy
The total bending energy of a single m-periodic package, is the sum of the bending
energies of the individual layers. Classic bending theory (e.g. [93, pp. 28]) gives the
114
SELF-SIMILAR VOIDING SOLUTIONS OF A SINGLE LAYERED
MODEL OF FOLDING ROCKS
T. J. DODWELL∗, M. A. PELETIER† , C. J. BUDD∗, AND G. W. HUNT∗
Abstract. -
Key words. Geological folding, voiding, nonlinear bending, obstacle problem, free boundary,
Kuhn-Tucker theorem
AMS subject classifications. 34B15, 34B37, 37J55, 58K35, 70C20, 70H30, 74B20, 86A60
mh sec θ
ς
−θ
x
u1(s1)
u1t (s1)
u1b(s1)
u2t (s2)
u2(s2)
dui
dx
dsi
Ri
ψ
si
ψ(si)
Fig. 1.1. -
1 . In t r o d u c t i o n .
REF ERENCES
∗Bath Institute of Complex S ystems, University of Bath, BA2 7AY
†Institute of Complex Molecular S ystems and Department of Mathematics and Computer S ci-
ence, Technische Universiteit Eindhoven, PO Box 513, 5600MB Eindhoven, The Netherlands
‡ Corresponding author: C. J. Budd ( mascj b@ bath.ac.uk)
ff
1
Figure 5-9: This figure shows the two 2-periodic packages, and summarizes the various pa-
rameters and measurements used in this model.
bending energy over a small segment of beam dsi as dUB = 12EIκ(si)
2 dsi, where κ(si)
and si are the curvature and arc length of the ith layer. Integrating each si over the
curved section of each layer, the total bending energy in an m periodic stack is given
by,
UB =
EI
2
m∑
i=1
∫ ςi
0
κi(si)2 dsi =
EI
2
m∑
i=1
∫ θ
0
κi(ψ) dψ.
We now proceed to rewrite the bending energy, UB , in terms of the outside layer u1.
Following a result presented in [5, pp. 1451], κi = κ1/(1 − (i − 1)hκ1), and it follows
that
UB =
EI
2
m∑
i=1
∫ θ
0
κ1
(1− (i− 1)hκ1) dψ =
EI
2h
∫ θ
0
m∑
i=1
hκ1
1− h(i− 1)κ1︸ ︷︷ ︸
:=f(κ1)
dθ.
We then consider f(κ1) to be a Riemann sum, and approximate it by the corresponding
integral. Setting ζi = h(i− 1), we thus approximate
m∑
i=1
hκ1
1− ζiκ1 by
∫ ζm+1
ζ1
κ1
1− ζκ1 dζ = − log(1− ζκ1)
∣∣∣ζ=ζm+1
ζ=ζ1
,
therefore
UB = −EI2h
∫ θ
0
log(1−Hκ1) dψ = −EI2h
∫ ς
0
log(1−Hκ1)κ1 ds1,
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Figure 5-10: Areas constructed to calculate the size of the void between two m-periodic pack-
ages, given by At −A1 −A2.
where H = mh. The bending energy is thus a strongly nonlinear function of the cur-
vature and hence displacement u1 of the reference layer. Although potentially masked
by the mathematics, the important observation is that the bending energy becomes in-
finite as κ1 approaches 1/H, with logarithmic blow up. As a result particularly sharp
profiles or large values of H have a severe energy penalty.
5.2.3 Work done against overburden pressure
For an m-periodic solution, by definition, a single void forms between the 1st and mth
layer. To calculate the void area, it is convenient to construct a series of complementary
areas as shown in Fig. 5-10. Constructing these areas in turn, the total area, At, is
given by
At =
∫ `
0
(
ub1 + H sec θ − ub1
)
dx = H sec θ
∫ ς
0
cos ψ ds1.
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∂s
R 1R 1 − ( H − 12 h )
R 1 +
1
2
h
∂A 2
∂ψ
Figure 5-11: Construction of a small segment of A2, δA2.
Following a simple geometric construction the area of the triangle, A1, is equal to
1
2kH
2. Finally we construct A2, the area enclosed between the bottom of u1 and the
top of um. The area of a small segment δA2 can be calculated using the geometry of a
circular arc, Fig. 5-11, given by
δA2 =
1
2
(
(R1(s) +
1
2
h)2 − (R1(s)− (H + 12h))
2
)
dψ
=
(
R1h(m + 1)− 12H
2
)
dψ.
Integrating over the curved section from 0 to θ, we obtain
A2 =
∫ θ
0
(
R1h(m + 1)− 12H
2
)
dψ =
∫ ς
0
(
h(m + 1)− 1
2
H2κ1
)
ds1. (5.7)
The total size of the void is given by At − A1 − A2, and the total work done against
overburden pressure is
UV = q
[
H sec θ
∫ ς
0
cos ϕ ds1 − 12kH
2 −
∫ ς
0
(
h(m + 1)− 1
2
H2κ1
)
ds1
]
. (5.8)
5.2.4 The work done by the load P
Considering a constant axial load P acting on each layer, the total work done by
the load is the sum of the work done by the load in the shortening of each layer a
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0
co s ψ i d s i 1√
1 + k 2
( L
2
− ς )
L − Δ
2
Figure 5-12: Diagram shows the geometry for calculating end-shortening Δ.
distance Δi. Therefore up to a constant the total work done by the load is given by
UP = −P
∑m
i=1 Δi. From the geometric description given in Fig. 5-12, it follows that
Δi =
L
2
−
∫ ςi
0
cos ψi dsi − 1
2
√
1 + k2
(L− 2ςi) ,
=
L
2
(1− cos θ) −
∫ ϕ
0
(cos ψi + cos θ)Ri dψ. (5.9)
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It therefore follows that the total work done by the load is given by
UP = −P
m∑
i=1
Δi = −P
(
L
2
m (1 + cos θ)−
∫ ϕ
0
(cos ψ + cos θ)
m∑
i=1
Ri dψ
)
,
= −P
(
L
2
m (1 + cos θ)−
∫ θ
0
(cos ψ + cos θ)
m∑
i=1
(Ri − (i− 1)h) dψ
)
.
(5.10)
Given the sum of n natural numbers is
∑n
i=1 i =
1
2n(n + 1), it follows that
UP = −P
(
L
2
m(1 + cos θ)−
∫ θ
0
(cos ψ + cos θ)
(
R1 − 12h(m− 1)
)
dψ
)
,
= −P
(
L
2
m(1 + cos ψ)−
∫ ς
0
(cos ψ + cos θ)
(
1− 1
2
h(m− 1)κ1
)
ds1
)
. (5.11)
5.2.5 Total potential energy and the Euler-Lagrange equation
The total potential energy of a stack of N layers in an m-periodic structure is the sum
of the contributing terms, derived above, multiplied by N/m, the number of m-periodic
packages in an N layered stack. We write the potential in terms of the variable angle
ψ(s1), and note the relationship κ1 = ψ′(s1), where the prime denotes differentiation
with respect to arc length s1. As a point of notation we drop the subscript 1, and
therefore the arc length of the bottom layer and its displacement are now referred to
as s and u. The total potential energy is given by the functional
V (ψ) = −EIN
2H
∫ ς
0
log(1−Hψ′)ψ′ ds + qNh sec ϕ
∫ ς
0
cos ψ ds
− qN
m
(∫ ς
0
h(m + 1)− 1
2
H2ψ′ ds +
1
2
kH2
)
− P NL
2m
(1 + cos θ)
+ P
N
m
∫ ς
0
(cos ψ + cos θ)
(
1− 1
2
h(m− 1)ψ′
)
ds. (5.12)
We note that V has the form
V =
∫ ς
0
L(ψ′, ψ) ds. (5.13)
We now follow a standard calculus of variations approach and take the first variation
of V . A minimiser, ψ, of (5.12) solves the Euler-Lagrange equation,
− d
ds
(
∂L
dψ′
)
+
∂L
∂ψ
= 0, (5.14)
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over the non-contact set Γ = (−ς, ς). Appropriate differentiation of L yields the second
order differential equation,
− Hψ
′′
1−Hψ′
(
2 +
Hψ′
1−Hψ′
)
− qHγ sec θ sin ψ − Pγ sin ψ(1− 2βψ′) = 0,
where γ = 2hEI and β =
1
2h(m − 1). Rearranging this gives the following second-order
ordinary differential equation in ψ
ψ′′ = −γ sin ψ (1−Hψ
′)2
2−Hψ′
(
q sec θ +
1
H
P (1− 2βψ′)
)
. (5.15)
Although this analysis yields a second order differential equation in ψ [24], we note that
the problem is third order when written in terms of the deflection u, as for classical
bending and buckling problems [93]. Equation (5.15) can be interpreted as a force
balance, where ψ′′ is the shear force acting on u1 normal to the layer.
We wish to solve the following free boundary problem by finding ψ which solves the
differential equation (5.15), subject to the free boundary conditions,
ψ(−ς) = tan−1 k = θ and ψ′(−ς) = 0 (5.16)
and the fixed boundary condition
ψ(0) = 0. (5.17)
By substituting the free boundary conditions (5.16) into (5.15) we obtain,
ψ′′(−ς) = −1
2
γ sin θ
(
q sec θ +
1
H
P
)
, (5.18)
which gives the discontinuous shear force acting against the overburden pressure q and
load P to cause lift off. This discontinuity can be observed in other similar examples,
for example upheaval buckling of pipelines [49] and single layered void formation of
chapter 3.
5.3 Numerical shooting and results
The boundary value problem set out in the previous section can be reduced to an initial
value problem with a single unknown parameter ς. Solutions can then be found using
standard shooting techniques. Here a one parameter search routine was developed
using matlab’s built-in function fminsearch, which is an unconstrained nonlinear
optimization package that relies on a modified version of the Nelder-Mead simplex
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method [67]. This proves an efficient method, given a suitable initial guess for ς.
Figure 5-13 shows example profiles of solutions, for various different parameters as
indicated on the graph.
Numerical evidence suggests that there is a unique convex solution to (5.15). This
has been tested by varying the initial guess, in each case the search routine admitted
a single convex solution.
We note that there are many variables in the problem. It is interesting to see
how the solutions to the free boundary problem, and especially the size of the void
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Figure 5-13: Two examples of solution profiles for fixed values of k = q = P = E = 1,
h = 0.1, N = 1 and (top) m = 3 and (bottom) m = 20 ( m is picked a priori ).
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Parameters Values Source
E 5kNmm−2 [101]
I h3/12 Standard Calculation
Area of A6, A 1.5× 104mm2 Standard Calculation
Area of A5, A 3× 104mm2 Standard Calculation
h 0.1mm Thickness of paper [101]
Table 5.1: Parameter values common to both experiments, the source of these values are
indicated where appropriate.
indicated by the free parameter ς, vary with each of these parameters. Numerically
obtained solutions show that ς decreases with increasing values of q and P . We also
note that as the elastic stiffness B, layer thickness h, m, or the angle of the limbs θ
increases, ς also increases. These results match a physical intuition and also the results
presented in the previous work for the single layer model of chapter 3, where the scaling
relationships are discussed in detail.
5.4 Minimum energy m-periodic solution
The numerical method, outlined in the previous section, allows one to calculate a range
of solutions for increasing values of m, as well as their potential energies. We now ask
the question, which m has minimum energy for a given set of physical parameters? Can
the values of m observed in the paper experiments in this contribution be predicted by
the energy based approach set out above?
Firstly we make approximations for the physical parameters for each of the exper-
iments, where we label the experiment in Fig. 5-6 as experiment 1, and Fig. 5-7 as
experiment 2. Table 5-1 displays estimates for each of the physical parameters which
are common between both experiments. Table 5-2 provides estimates for physical pa-
rameters which are different for each of the experiments. Each of the parameters has
been estimated from measurements taken during the experiment.
Figure 5-14, shows a plot of V against m for each of the two experiments. These
results are obtained numerically using methods described in section 5.3. As both plots
demonstrate, V (m) attains its minimum value at a unique value of m = m∗. For exper-
iment 1, m∗ = 97, whereas the physical examples demonstrate a 125-periodic solution.
Experiment 2, attains minimum energy at m∗ = 5, whereas the experiments display
a 1-periodic solutions. For these two experiments, the simple energy based method
presented in this paper, shows reasonable agreement with these two experiments. Al-
122
Figure 5-14: Plots of energy V against m for each of these experiments. Top: plot for
experiment 1 where minimum is attained at m∗ = 97. Bottom: numerical results for experiment
2 where the minimum is attained at m∗ = 5.
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Constants Experiment 1 Experiment 2
Transverse Load, T 0.5 kN 10 kN
q = T/A 1.00× 10−4 kNmm−2 3.3× 10−4 kNmm−2
P 4.00× 10−3 kN 1.33× 10−2 kN
k 0.25 1
N 500 750
Table 5.2: Parameter values which differ between each experiment. All parameters were
measured during the experiments, or taken directly from the pictures.
though for a true comparison between model and experiment, a greater number of
experimental examples are required, it is clear the model offers values of m∗ which
are of the correct order. We also particularly note that for the more general curve for
experiment 1, slight imperfections would mean that solutions may sit anywhere along
the flat range of V (m), including the experimental value m = 125.
It seems reasonable that such periodic solutions can be explained by balancing
contributing energies at such tight geometries. Further numerical investigation of how
m∗ varies with various physical parameters, indicates that m∗ decreases with increasing
overburden pressure q; in fact m∗ is very sensitive to changes in q. This suggests that
geometry is the important factor in the selection of m∗, as q determines the influence
of the geometric constraints.
5.5 Concluding remarks
This chapter expands the single layered models presented in the previous chapters to a
multilayered structure. The model does not impose a V-shaped boundary but a more
realistic geometric constraint resulting from adjacent layers. This complicates the anal-
ysis since now contact occurs at the boundaries of layers, whereas the bending energy is
defined by the deformation of the centreline. This emphasizes the importance of being
able to change freely between cartesian and intrinsic coordinate representations, where
both have their advantages. By assuming parallel folding, intrinsic coordinates can
be used with relative ease to propagate the centreline forwards and backwards in its
normal direction to calculate the boundary of the layers, where cartesian coordinates
provide a common framework over which the size of the voids between two layers can
be calculated.
The energy based method describes the periodic formation of voids in the hinge
regions of chevron folds where each of the contributing potential energies are balanced
to give an m-periodic structure with minimum energy. This method provides good
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agreement when sensible parameters are prescribed to two paper experiments described
in this thesis. It demonstrates how high confining overburden pressure, large axial
loads, or steep limbs give a chevron fold with a 1-periodic structure of minimum energy.
These are observed in nature, where in environments of high overburden pressure tightly
folded uniform chevron folds frequently form (see for example Bendigo Australia Fig. 3-
3 or Millook Haven Cornwall, Fig 1-1). However, if the confining pressure or limb angles
are small, minimum energy is found at much larger values of m, giving profiles which
are more gently curved. This work demonstrates an intermediate step between purely
sinusoidal deformations and sharp cornered chevron folds.
125
CHAPTER 6
CONCLUDING REMARKS AND
FUTURE WORK
This thesis shows the importance of the geometric constraints of layers fitting together,
in understanding the spectrum of folds observed in geological strata. The constraint
that multilayered folds form without voids is relaxed, and three energy-based models
are presented to demonstrate how layers may accommodate tight geometries and do
work against overburden pressure to form voids.
It is common in geological strata that one or several especially thick layers dominate
the deformation process. As a result, the remaining weak layers must accommodate
into the geometry imposed. In chapters 3 and 4 two simplified structural models have
been presented to show that if the weaker or less competent layers are forced into a
singular geometry, then they can accommodate it by forming a void.
Chapter 3 shows that if axial restraint to slip is minimal, the size of the void scales
inversely with overburden pressure. Such solutions are unique, convex and symmetric;
and in the limit of high overburden pressure, layers form straight limbs punctured by
sharp corners, as observed in kink bands and chevron folds. This chapter provides
insight into the relationship between material and loading parameters on the one hand,
and the geometry and length scales of the resulting folds on the other.
However, chapter 4 shows that if resistance to slip is high the slightest imperfection
can cause the incompetent layers to form higher-order localised buckles in the hinge
of the fold. These localised buckles are frequently observed in geological examples,
particularly in thinly bedded escarpments (for example North Wales, Fig. 4-2). The
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model demonstrates important local-global interactions, which arise from the constraint
of layers fitting together. These interactions are fundamental to any layered system,
and the analysis may be extended to applications in the manufacturing of layered
materials [47].
Finally in chapter 5 we extend the single layered models presented in chapters 3
and 4 to a simple multilayered model, which describes the periodic formation of voids
in a chevron fold. The model shows that in the limit of high overburden pressure
solutions form voids every layer, producing straight limbs punctured by sharp corners.
This analysis shows encouraging agreement when compared with recent experiments.
Throughout this thesis we apply the Kuhn-Tucker theorem [68], to derive neces-
sary conditions for potential energy minimisation subject to the contact constraint of
layers not interpenetrating. Conventionally, obstacle problems are cast as variational
inequalities; however this thesis shows that the Kuhn-Tucker theorem is particularly
suitable when trying to interpret the results physically. Applying this variational tech-
nique, alongside a physical understanding of the problem, is powerful. It not only
highlights the connection between mathematical variational methods and the mechan-
ical concept of virtual work, but both provide a healthy mathematical toolkit to prove
important properties of minimisers (section 3.3.1), and allows us to derive equilib-
rium equations which are not obvious from a simple physical understanding of the
problem (section 3.4). By adopting this method we can derive equilibrium equations
with respect to perturbations in any direction; this becomes essential in chapter 4,
where the convoluted accommodation structures are simply unattainable in a cartesian
framework. This is because the first derivative becomes infinite for sufficiently folded
solutions. Solving the equilibrium equations normal to the layer overcomes this prob-
lem, and affirms the strength of this variational method. However, it is also shown in
chapter 4 that a physical understanding of the problem, in this case by constructing
a force balance for the system, simplifies the variational method substantially. Both
approaches work well together.
In the work presented, we see a departure from the trend of modelling advanced
geological features with large complex finite element simulations (see [40, 42] for a
recent review). As well as having clear visual appeal, such studies have also been
geared towards answering a host of important geological questions. However, with the
vast range of parameters often involved in such formulations, it is sometimes unclear
how their geological counterparts might accurately be represented. Given a sufficiently
complex setup and the ability to tweak parameters, it would seem churlish to suggest
that any given result might be achieved, but there could nevertheless be some degree
of subjectivity in the choices of parameter values. The value of such approaches is
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clear, but the objective here is to complement such modelling with a simplified toy
model in which the parameters influencing the formation of localised structures can be
closely defined and carefully monitored. Such simplifications allow new and exciting
interpretations of the development of various structures at singular geometries, where
voiding and related depressurization effects may be important.
6.1 Future Work
A thesis ought to comprise a complete piece of work, although it is of course inevitable
that one comes across different questions leading to potential research which cannot all
be covered. Here some of the future directions of interest are briefly described. It is
hoped that these might provide motivation for future research.
6.1.1 More experiments
Scaled experiments on gelatine, layers of paper and various other materials have been
fundamental in motivating geological models, not only throughout this thesis, but over
the last century [33, 41, 66, 85, 101]. Although various earlier experiments on the
buckling of layers of paper are described throughout this thesis, we describe a few of
the most recent experiment. In these experiments approximately 1000 layers of A5
paper are confined by foam of differing stiffness, while being lateral constrained on the
outside by a wooden or metal frame. An Instron testing machine rigidly loads the
sample up to loads of 250kN, using a load cell the machine records the load exerted on
the stack at a 2Hz sample rate.
Digital image correlation (DIC)
In the most recent experiment the technique of digital image correlation or DIC has
been used. This is an optical method used to track the deformation of materials by
recognizing common points in a sequence of images taken at frequent time intervals, as
the material deforms. The software packages produces outputs of 3D displacement and
strains. Here we simply present motivating images, and demonstrate the capabilities
of this method for future work.
Figure 6-1 shows a sequence of outputs from the DIC software as the layers buckle.
In this figure the colouring indicates lateral displacement from the initial position, the
spectrum from red, displacements to the right, to purple, left. Figure 6-2 shows the
strain in the vertical direction at given time steps, from red for compression to purple
for extension.
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Figure 6-1: A sequence of pictures showing the outputs of DIC software as 1000 layers of
paper are buckled by axial load (acting downwards) into relatively stiff surrounding foam. The
spectrum of colouring shows lateral displacement with respect to the initial unbuckled frame,
from red for right to purple for left.
The sequence of pictures shows the initial localised instability the rotation and
formation of the first kink band, and the subsequent locking up (top right). The next
three pictures show the formation of second and third bands over the total sample.
The small grey dots at the hinges (seen in the third picture onwards) show points
at which voids have formed. The final three snapshots show the tightening of the three
kink bands; we note that the voids initiate on the inside of the fold and propagate
through the hinge as the fold tightens. This process is also shown in Fig. 6-3. In geology
this is a well known feature called void or hinge migration [37] . The multilayered model
presented in chapter 5 could be extended to model the formation of voids in sequence,
as a chevron fold or kink band tightens.
This sort of in-depth analysis provides vital information on how such a layered
material deforms. These experimental techniques are expected to become fundamental
in motivating future multilayered models.
Advanced numerical methods to deal with contact problems
One notable difficulty with the work presented in this thesis is that, although the
shooting method for solving the boundary value problem is simple, for problems with
multiple contact sets it is very unstable [49, 48]. Such boundary value problems are
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Figure 6-2: Shows the a sequence of DIC outputs for the same experiment as shown in Fig. 6-
1, however the colouring shows the strain in the vertical direction, from red for compression to
purple for extension.
Figure 6-3: Pictures show the migration of the hinge as voids form from right to left as the
fold tightens under high axial load.
130
especially sensitive to boundary conditions. One possibility is to replace the hard
contact constraints presented in this work by a soft contact constraint, and adopt the
finite element based method set out in [8]. We briefly show how this initial method
might work by considering a simple contact problem, of the upheaval buckling of a
pipeline resting on a sea bed, presented by Hunt and Blackmore [49].
Consider a linear elastic beam of infinite length, characterised by vertical displace-
ment u(x) and the fixed horizontal coordinate x, Fig. 6-4. The beam of mass m per
unit length, initially held flat to the sea bed by gravity g, is buckled by an external
horizontal load P , shortening the ends a distance Δ. This problem can be represented
as a constrained energy minimization problem, as in chapter 3. This can be interpreted
as: find a u which minimises the energy functional
V (u) =
1
2
B
∫
R
u2xx dx + mg
∫
R
u dx (6.1)
such that
1
2
∫
R
u2x = Δ
subject to the hard contact constraint u ≥ 0. By replacing the hard contact constraint
with a soft constraint for example
∫
R exp(−αu) dx, for some large positive constant α,
the problem becomes to find a minimiser u
V (u) =
1
2
B
∫
R
u2xx dx + mg
∫
R
u dx +
∫
R
exp(−αu) dx, (6.2)
such that
1
2
∫
R
u2x = Δ.
Adopting the constrained gradient flow method which was presented in [8, 71] a related
problem of a strut on a nonlinear foundation (see chapter 2) can be solved. Starting
with quasi-random initial data (data which satisfies the shortening constraint, Δ) the
following constrained gradient flow problem is solved
ut = −EIuxxxx − Puxx −mg + α exp(−αu). (6.3)
Solutions of (6.3) converge to a stationary solution, which is assumed to be a local
minimum. Repeating this process for many random initial conditions and comparing
the resulting energies of each local minimizer, one can select the global minimizer. For
numerical computation, we are restricted to a finite but large domain (−`, `), for which
we apply simply supported boundary conditions u(±`) = uxx(±`) = 0. By multiplying
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Figure 6-4: Top diagram shows the setup of the model, where a heavy pipe u is buckled upwards
by a horizontal load P , off a flat bed over an unknown buckling length L. The bottom plots a
sample plot, following the numerical method outlined in the text, here Δ = 2, P = 1.4, m = 1
and α = 100.
by a test function ϕ, and integrating over (−`, `) and then integrating by parts, one
obtains a weak variational formulation of (6.3)∫ `
−`
utϕ dx+EI
∫ `
−`
uxxϕxx dx−P
∫ `
−`
uxϕx dx+
∫ `
−`
(mg−α exp(−αu))ϕ dx = 0. (6.4)
Following a finite element method, u(x, t) is approximated by a basis of piecewise cubic
functions [105]. This leads to a first order system in U (the finite element approximation
of u) and P the unknown axial load. Once the integral constraint (6.3) is discretised
and differentiated with respect to t, combining with the system of first order equations
gives an index 1 differential-algebraic equation, which can be solved using MATLAB’S
integrator ode15s.
Figure 6-4 shows the profile of a global minimiser. Techniques such as the finite
element method normally experience considerable difficulties associated with unknown
buckle lengths, but this method appears to be particularly efficient. This is an example
with a simple contact condition. Perhaps the next step would be to reproduce the
results presented in chapter 3, using this soft contact constraint/penalty method.
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An updated model for parallel folding.
Papers presented by Budd et al. [6] and Edmunds et al. [25], give two energy based
models for the parallel folding of a two and N layered stack. It would be interesting
to see if the approach presented in this thesis could be used to extend this analysis.
Edmunds et al. [25] assumed the bending energy in each layer is approximately the same
as N times the bending energy in the central layer. The calculation in section 5.2.2 for
the bending energy in a multilayered stack,
UB =
1
2h
EI
∫
log(1−Nhκ)κ ds, (6.5)
where κ is the curvature of the reference layer is a possible alternative. This would
provide a better estimate, as it accounts for the tightening curvature on the inside of
a parallel fold.
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APPENDIX A
PROOFS FOR CHAPTER 3
In this appendix we provide the mathematical proofs for the two main results of sec-
tion 3.3.2. These proofs rely heavily on functional analysis and therefore they have
been removed from the main body of the text to improve its readability. However
these proofs are important, and provide much of the rigour on which chapter 3 and
subsequent chapters are based. Additionally these proofs represent important interdis-
plinary work with mathematicians, where some of the finer mathematical points were
provided by Prof. M. Peletier.
A.1 Derivation of a weak form of Euler-Lagrange
This proof gives a precise application of Kuhn-Tucker theory, which derives a necessary
condition for minimising a function subject to a point-wise inequality constraint. The
details of Kuhn-Tucker theory have been provided by a book by Luenberger [68], this
would provide a useful reference while following this proof.
Theorem A.1 (Derivation of a weak form of Euler-Lagrange equation). Let q,B, k > 0.
Define the set of admissible functions
A = {w ∈ f + H2(R+) ∩ L1(R+) : wx(0) = 0} . (A.1)
If w minimizes (3.2) in A subject to the constraint w ≥ f , then it satisfies the station-
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arity condition∫ ∞
0
[
B
wxx
(1 + w2x)5/2
ϕxx − 52B
w2xxwx
(1 + w2x)7/2
ϕx + qϕ
]
dx =
∫ ∞
0
ϕdμ, (A.2)
for all ϕ ∈ H2(R+) ∩ L1(R+) satisfying ϕx(0) = 0, where μ is a non-negative measure
satisfying the complementarity condition
∫∞
0 (w − f) dμ = 0.
Proof. For the application of the Kuhn-Tucker theorem we briefly switch variables, and
move to the linear space X := H2(R+) ∩ L1(R+), taking the norm as the sum of the
respective norms of H2 and L1. For any w ∈ A, we define the void function v := w−f ,
which is an element of X; the two constraints vx(0) := wx(0) − fx(0+) = −k and
v := w − f ≥ 0 are represented by the constraint G(v) ≤ 0, where G : X → Z :=
R× R×H2(R+) is given by
G(v) :=
 vx(0) + k−vx(0)− k
−v
 .
We also define Vˆ (v) := V (v + f).
If w satisfies the conditions of the Theorem, then the corresponding function v ∈ X
minimizes Vˆ subject to G(v) ≤ 0. The functionals Vˆ : X → R and G : X → Z are
Gateaux differentiable; since G is affine, v is a regular point (see [68, p. 248]) of the
inequality G(v) ≤ 0. The Kuhn-Tucker theorem [68, p. 249] states that there exists a z∗
in the dual cone P ∗ = {z∗ ∈ Z∗ : 〈z∗, z〉 ≥ 0 ∀z ∈ Z with z ≥ 0} of the dual space Z∗,
such that the Lagrangian
L(∙) := Vˆ (∙) + 〈G(∙), z∗〉 (A.3)
is stationary at v; furthermore, 〈G(v), z∗〉 = 0.
This stationarity property is equivalent to (A.2). The derivative of Vˆ in a direction
ϕ ∈ X gives the left-hand side of (A.2); the right-hand side follows from the Riesz
representation theorem [84, Th. 2.14]. This theorem gives two non-negative numbers
λ1 and λ2 and a non-negative measure μ such 〈(a, b, u), z∗〉 = λ1a + λ2b +
∫∞
0 u dμ for
all a, b ∈ R and u ∈ X. Therefore 〈G′(ϕ), z∗〉 = − ∫ ϕdμ for any ϕ ∈ X with ϕx(0) = 0.
In addition, the complementarity condition 〈G(v), z∗〉 = 0 implies ∫∞0 v dμ = ∫∞0 (w−
f) dμ = 0.
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A.2 Regularity of a minimiser
This proof exhibits a standard bootstrapping argument regularly used in variational
method, to prove the increased regularity of a minimiser, and hence allowing the Euler-
Lagrange equation to be derived for the problem set out in chapter 3.
Theorem A.2 (Regularity of a minimiser and the free boundary problem). Under the
same conditions as Theorem A.1, the function w has the regularity w ∈ C∞(Γ(w)c) ∩
C2(R+), wxxx is bounded, and wxxxx is a measure; the Lagrange multiplier μ is given
by
μ = q`δ` + qH( ∙ − `)L, (A.4)
where H is the Heaviside function, and L is the one-dimensional Lebesgue measure. In
addition, w and μ satisfy
B
[
wxxxx
(1 + w2x)5/2
− 10wxwxxwxxx
(1 + w2x)7/2
− 5
2
w3xx
(1 + w2x)7/2
+
35
2
w3xxw
2
x
(1 + w2x)9/2
]
+ q = μ (A.5)
in R+.
Finally, w also satisfies the free-boundary problem consisting of equation (A.5) on
(0, `)(with μ = 0), with fixed boundary conditions
wx(0) = 0 and wxxx(0) = 0, (A.6)
and a free-boundary condition at the free boundary x = `,
w(`) = k`, wx(`) = k, and wxx(`) = 0. (A.7)
Proof. Once again we switch variables to the void function, v := w − f and define the
functions
g = B
vxx
(1 + (vx + k)2)5/2
and h = −5
2
B
v2xx(vx + k)
(1 + (vx + k)2)7/2
,
by (A.2) we make the estimate∫
R+
gϕxx = −
∫
R+
hϕx +
∫
R+
(μ− q)ϕ ≤ ‖h‖2‖ϕx‖2 + ‖μ− q‖TV ‖ϕ‖∞
≤ C(‖ϕx‖2 + ‖ϕx‖1),
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where the total variation norm ‖ν‖TV is defined by
‖ν‖TV := sup
{∫
R+
ζ dν : ζ ∈ C(R+), ‖ζ‖∞ ≤ 1
}
.
Setting ϕx = ψ, it follows that g is weakly differentiable, and gx ∈ L2 + L∞. From
Theorem 3.5 and Corollary 3.9, v|(`,∞) ≡ 0 ⇒ gx|(`,∞) = 0 and therefore gx ∈ L2. By
calculating gx explicitly, we may write
vxxx = (1 + (vx + k)2)
5
2 gx + 5
v2xx(vx + k)
1 + (vx + k)2︸ ︷︷ ︸
∈L1
. (A.8)
Theorem 3.4 shows that (1+(vx+k)2)5/2 ∈ L∞, therefore vxxx ∈ L1, so that vxx ∈ L∞,
which in turn shows that vxxx ∈ L2 by (A.8). We also see that since
hx = − 2vxxvxxx(vx + k)(1 + (vx + k)2)7/2︸ ︷︷ ︸
∈L2
− v
3
xx
(1 + (vx + k)2)7/2
+ 7
v3xx(vx + k)
2
(1 + (vx + k)2)9/2︸ ︷︷ ︸
∈L∞
, (A.9)
we have hx ∈ L2. We now look to similarly bound vxxxx. In the sense of distributions,
we have
gxx = −hx + μ− q, (A.10)
and since hx has bounded support, this is an element of M, the set of measures with
finite total variation. We can now write
vxxxx = (1 + (vx + k)2)5/2︸ ︷︷ ︸
continuous and bounded
gxx︸︷︷︸
∈M
+
5
2
∈L2︷ ︸︸ ︷
3vxxxvxx(vx + k)+
∈L∞︷︸︸︷
v3xx
(1 + (vx + k)2
−
∈L∞︷ ︸︸ ︷
35
2
v2xx(vx + k)
2
(1 + (vx + k)2)3/2
Since vxxxx has finite total variation, vxxx is bounded. Calculating (A.10) explicitly we
find
B
[
vxxxx
(1 + (vx + k)2)5/2
− 10 (vx + k)vxxvxxx
(1 + (vx + k)2)7/2
− 5
2
v3xx
(1 + (vx + k)2)7/2
]
+
+ B
[
35
2
v3xx(vx + k)
2
(1 + (vx + k)2)9/2
]
+ q = μ.
Switching back to the original variable w = v + f gives (A.5).
We now turn to (A.4). From the complementarity condition
∫
(w − f) dμ = 0 we
deduce that supp μ ⊂ Γ(w). Theorem 3.5 shows that w = f on [`,∞), and substituting
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this directly into (A.5) shows that μ|(`,∞) = qL|(`,∞). This proves that μ has the
structure
μ = αδ` + qH( ∙ − `)L
some α ≥ 0. To determine the value of α, take ϕ ∈ C∞([0,∞)) with bounded support,
and such that ϕ ≡ 1 in [0, `+1]. Then the weak Euler-Lagrange equation (A.2) reduces
to α = q`.
We now turn to the boundary conditions. The boundary condition wx(0) = 0 is
encoded in the function space, and the natural boundary condition wxxx(0) = 0 follows
by standard arguments. The conditions w(`) = k`, wx(`) = k, and wxx(`) = 0 all
follow from the contact at x = `. ¤
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